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Abstract

A cable-driven parallel mechanism (CDPM) possesses a number of promising advantages over the

conventional rigid-link mechanisms, such as simple and light-weight mechanical structure, high-loading
capacity, and large reachable workspace. However, the formulations and results obtained for the rigid-link

mechanisms cannot be directly applied to CDPMs due to the unilateral property of cables. This paper

focuses on the workspace analysis of fully restrained positioning mechanisms. Because the cable tension

is the most essential issue to constrain the moving platform, the force-closure workspace is mainly studied.

A general approach is proposed to check the force-closure condition. This condition is expressed in terms of

the convex hull which encloses the origin. However, such a condition is formulated and expressed in high

dimensions. To simplify the analysis, a recursive dimension reduction algorithm is proposed to check con-

vex hulls in one dimension spaces. This algorithm is verified through simulation results of various CDPMs.
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1. Introduction

Currently, most of mechanisms used for robot manipulators are conventional linkage mecha-
nisms that consist of a number of rigid links and joints. Based on their kinematic structures, these
mechanisms are classified into two major types: serial and parallel mechanisms [1]. Fig. 1 shows a
cable-driven parallel mechanism (CDPM) formed by replacing all the supporting legs of a parallel
mechanism with cables. It is seen that the CDPM is a closed-loop mechanism in which the moving
platform is connected to the base by several cables. The base suspending points can be mounted at
the extremities of the base. Therefore, these manipulators can perform manipulation tasks requir-
ing a large reachable workspace. Generally, a CDPM has the following significant advantages:

• Simple light-weight mechanical structure, resulting in low energy consumption.
• Large reachable workspace, limited mainly by cable lengths and cable tension constraints.
• Low moment inertia and high speed motion.
• Easy reconfigurability by relocating platform connecting points and base suspending points.

The advantages make the CDPM a promising alternative to the rigid-link mechanisms in many
industrial applications, such as load lifting and positioning [2], coordinate measurement [3,4], air-
craft testing [5], haptic devices [6,7], and robot rehabilitation [8].
Unlike rigid links, cables are characterized by the unilateral property (can pull but cannot push

moving platforms), and therefore the formulations and results obtained for the kinematics anal-
ysis, workspace analysis, trajectory planning, etc. of the rigid-link mechanisms cannot be directly
applied. Hence, one challenging issue is to determine the poses whereby the moving platform is
fully constrained by the cables. For CDPMs, it is known that maintaining positive cable tension
is critical in constraining the moving platform. Hence, the force-closure workspace of CDPMs is a
set of poses whereby resultant cable tensions can sustain an arbitrary external wrench acting on
the moving platform. Once the force-closure workspace is obtained, its area (in planar cases) or its
Fig. 1. A cable-driven parallel mechanism.
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volumes (in spatial cases) can be used as a primary criteria to design a cable-driven parallel mech-
anism such that the force-closure workspace matches the required workspace.
Because of the advantages and unique features of cables, CDPMs have received a great atten-

tion in robotics literature. The first general classification was given by Ming and Higuchi [9].
Based on the number of cables (m) and the number of degrees of freedom (n), the CDPMs were
classified into three categories, i.e. the incompletely restrained positioning mechanisms
(m < n + 1), the completely restrained positioning mechanisms (m = n + 1) and the redundantly
restrained positioning mechanisms (m > n + 1). With such classification, a number of different
workspaces have been studied. One of the early works is that for the NIST ROBOCRANE [2],
which is similar to a Gough–Stewart platform parallel manipulator, but replacing the parallel
links with a number of cables. Tadokoro also analyzed the reachable workspace for a cable-dri-
ven, six-DOF motion base for virtual sensation of acceleration [10], and explored the reachable
workspace of a redundant eight-wire mechanism to derive optimal wire configuration [11].
Dynamic workspace analysis has been performed by Gosselin and Barrette [12] in such a way
that the motion of a moving platform is incorporated into a set of wrenches called a pseudo-
pyramid. The statically reachable workspace is defined by Agrawal and coworkers [13] as the
set all end-effector poses that can be reached statically. Additionally, Verhoeven et al. has
explored the controllable workspace and other workspace properties for tendon based Stewart
platforms in [14–16]. Recently, Ebert–Uphoff has reviewed some basic workspace terminologies
for cable-driven robots [17] and also geometrically explored the wrench-feasible workspace for
cable-driven robots by visualizing a net wrench set as a hyper-parallelogram [18]. A similar
research issue termed the cable-force region is also explored by Osumi et al. [19]. However, in con-
straining positive cable tensions, these analyses are almost based on the null space approach
through pseudo-inverse matrices or graphical approaches that are only convenient in some
specific cases.
The objectives of this paper are to develop a general algorithm to examine the force-closure

condition which is sufficient to fully restrain the moving platform, and to generate the force-
closure workspace for CDPMs. Here, the research is focused on fully restrained CDPMs
(mP n + 1). A general recursive approach is proposed to check the force-closure condition. This
condition is expressed in terms of the convex hull which encloses the origin. Recursivity implies
that checking the convex hull is realized in (n � 1)-dimensional spaces instead of in an n-dimen-
sional space. This is done by reducing one row and one column of the original system at a time via
Gaussian eliminations. This algorithm is verified through applying it to analyze the workspace of
both the completely restrained 4-3 cable-driven planar parallel mechanism (4-3-CDPPM) as
shown in Fig. 2(a) and the redundantly restrained 8-6 cable-driven spatial parallel mechanism
(8-6-CDSPM) as shown in Fig. 2(b).
In our analysis, the following assumptions are made:

• Each motor controls the length of exactly one cable; therefore, there are m motors and m
cables.

• Due to the fact that cables can only pull but cannot push, all cables must remain in positive
tension at all times.

• All cables are assumed to be inelastic and extend in straight line paths from the base suspending
point Bi to the platform connecting point Pi.



Fig. 2. Two examples of symmetric cable-driven parallel mechanisms: (a) 4-3-CDPPM: completely restrained

positioning mechanism, (b) 8-6-CDSPM: redundantly restrained positioning mechanism.
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The remaining sections of this paper are organized as follows: in Section 2, kinematic modelling
and static equilibrium of the moving platform are formulated. Force-closure condition and recur-
sive convex hull checking algorithm followed by force-closure workspace generation are presented
in Section 3. Section 4 illustrates some results of force-closure workspace obtained by the recur-
sive algorithm. The paper is summarized in Section 5.
2. Kinematic modelling and static equilibrium

A schematic diagram of a fully restrained CDPM is shown in Fig. 3, in which the moving plat-
form is connected to the base through driving cables, li ¼ BiP i

��!ði ¼ 1; 2; . . . ;mÞ.
Bi

Pili

{B}

{P}

P

O

Fig. 3. Kinematic diagram of a CDPM.
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Let frame {B} be the base frame and frame {P} be the moving platform frame (attached at the
center of mass P of the moving platform). The frame {P} is known with respect to the frame {B}
by the kinematic transformation matrix TB,P as follows:
TB;P ¼
R p

0 1

� �
ð1Þ
where p = {x y z}T is the position vector of point P with respect to the base frame {B} and
R ¼
ca � cb ð�sa � cc þ ca � sb � scÞ ðsa � sc þ ca � sb � ccÞ
sa � cb ðca � cc þ sa � sb � scÞ ð�ca � sc þ sa � sb � ccÞ
�sb cb � sc cb � cc

2
64

3
75
represents the orientation of frame {P} with respect to frame {B}, in which a, b and c are the
Z � Y � X Euler angles [20].
In order to sustain any external wrench (fp,mp) applied on the moving platform, all cables must

be able to create tension forces to achieve equilibrium of the moving platform. Referring to Fig. 4,
the equilibrium conditions for force and torque at the moving platform are as follows:
Xm

i¼1
ti þ fp ¼ 0 ð2Þ

Xm
i¼1

ri � ti þmp ¼ 0 ð3Þ
where ti ¼ tiui ¼ �ti lili represents the tension force that acts in the opposite direction of li. Substi-
tuting ti into Eqs. (2) and (3), the following equation is obtained:
A � T ¼ B with T P 0 ð4Þ
Pi

u i

t i

t m

Pm

r i
P

mpf p

Fig. 4. Free body diagram of the moving platform.
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where
A ¼
u1

r1 � u1

u2

r2 � u2
� � �

um

rm � um

� �
2 Rn�m : structure matrix

T ¼ t1 t2 � � � tmf gT 2 Rm : cable tension

B ¼ � fp mp
� �T 2 Rn : external wrench
The directional unit vector ui (i = 1,2, . . .,m) in the structure matrix depends on the posture of
the moving platform and is obtained by the vector loop-closure equation as:
ui ¼
OB
�!

i � OP
�!� PP i

�!
kOB�!

i � OP
�!� PP i

�!k
¼ bi � p� Rrpi

kbi � p� Rrpi k
ð5Þ
where the superscript p is used to denote that the quantity is written in frame {P}. Hence, the
structure matrix A is expressed with respect to the posture of the moving platform.
3. Force-closure workspace

For parallel mechanisms with rigid links, its workspace is the space where the inverse/forward
kinematic solutions exist. However for a CDPM, its workspace is the space where sets of positive
cable tensions exist because they are needed to constrain the moving platform all the time regard-
less of any external wrench. In other words, if there is at least one set of positive cable tensions at a
specific pose forming a force closure, then this pose belongs to the force-closure workspace. Gen-
erally, force-closure workspace is a set of poses that the force-closure condition is satisfied.

3.1. Force-closure condition

A CDPM is said to have a force-closure in a particular pose if and only if any arbitrary external
wrench applied at the moving platform can be sustained through appropriate tension forces
(t1, t2, . . ., tm) in the cables. With the assumption that the actuator torques are of unlimited mag-
nitude, from Eq. (4), the condition of being fully restrained is mathematically described as
8Fp 2 Rn : 9t1; t2; . . . ; tm 2 ½0;1Þ :
Xm
i¼1

tisi ¼ �Fp ð6Þ �

where si ¼

ui
ri � ui

: the ith column vector of the structure matrix A.

Eq. (6) implies that the set of vectors tisi must positively span Rn. Subsequently, this set is
positively dependent (by choosing Fp = 0) such that:
rankðAÞ ¼ n and ð7ÞXm
i¼1

tisi ¼ 0 ð8Þ
From the convex theory [21], the following theorem shows that the set of all convex combina-
tions in the left hand side of Eq. (8) is actually a convex hull.
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Theorem 1. Let C = {x1,x2, . . .,xm} be a finite collection of points in Rn. Then the convex hull of the
xi (i = 1,2, . . .,m), is the set of all their convex combinations, i.e.
H ¼ coðCÞ ¼ xjx ¼
Xm
i¼1

kixi;
Xm
i¼1

ki ¼ 1; 0 6 ki 2 R for all i

( )
Eq. (8) is equivalently represented as follows:
Xm
i¼1

tisi ¼
Xm
i¼1

tiPm
i¼1

ti
si ¼

Xm
i¼1

kisi ¼ 0 with ki ¼
tiPm

i¼1
ti

ð9Þ
From the notation of Theorem 1, Eq. (9) forms a convex hull based on the structure matrix A.
Furthermore, the origin belongs to that convex hull because the origin is the convex combination
of si. Hence, the following proposition shows an utilization of convex hull in satisfying the force-
closure condition.

Proposition 1. A moving platform with n degrees of freedom is fully restrained if and only if the
convex hull formed by column vectors of the structure matrix A, co{s1, s2, . . ., sm}, contains a
neighborhood of the origin.
Proof. Necessity: Because the platform is fully restrained, a small external wrench O(e) can be
expressed by Eq. (6) such that:
Xm

i¼1
tisi ¼ OðeÞ ð10Þ
Dividing Eq. (10) by
Pm

i¼1ti gives:
Xm
i¼1

tiPm
i¼1

ti
si ¼

OðeÞPm
i¼1

ti
’ OðeÞ ð11Þ
It is obvious that the neighborhood of the origin belongs to the convex hull (according to
Theorem 1).

Sufficiency: As the neighborhood of the origin O(e) is enclosed by the convex hull, it can be
expressed:
Xm

i¼1
tisi ¼ OðeÞ with

Xm
i¼1

ti ¼ 1 and 8ti > 0 ð12Þ
Eq. (12) implies that there always exists a set of positive tensions being able to sustain a small
external wrench in any direction. Therefore, the moving platform is fully restrained. h
3.2. Recursive algorithm checking force-closure condition

As discussed above, the force-closure condition is satisfied if the n-dimensional convex hull,
formed by the structure matrix, encloses the origin. However, if the number of task-space dimen-
sions n is greater than three, it is impossible to represent the convex hull geometrically. Therefore,
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a general algorithm is proposed to check whether the moving platform, at a particular pose, is fully
restrained. In other words, it is whether the convex hull encloses the origin of the task-space frame.
To solve the above problem in general, the resulted idea is that if the size of the task-space

dimension can be reduced into one (n = 1), i.e. the convex hull becomes a closed line segment,
it is easier to check the origin enclosure, i.e. whether this line segment passes the origin as illus-
trated in Fig. 5. Therefore, the dimension reduction of a structure matrix A (n rows, m columns)
is described in two steps as follows:

• Step 1: For each column vector in a space of Rn, there is a unique hyperplane passing through
the origin and being orthogonal to this vector. This hyperplane is a subspace of Rn�1. By pro-
jecting the other column vectors onto this hyperplane, projected vectors are expressed in this
new subspace of Rn�1. In addition, the vector which is perpendicular to this hyperplane can
be ignored due to its zero projected value. Therefore, there are only m � 1 column vectors in
the subspace of Rn�1. Totally, from the original space in Rn, this step results in m subspaces
in Rn�1 formed corresponding to m column vectors.

• Step 2: For each subspace formed above, there are only m � 1 column vectors. Therefore, the
convex hull which is formed by these m � 1 vectors is also required to enclose the origin of the
subspace in order to have a force-closure. Generally, m new convex hulls are checked for sat-
isfaction of force-closure. If all of them encloses the origin of the respective subspaces, the ori-
ginal system forms a force-closure. Otherwise, if any of them does not have the force-closure,
this means that a certain external wrench cannot be resisted in this subspace. Consequently, the
original problem does not satisfy the force-closure condition.

These procedures are illustrated in Fig. 6. It can be seen from Fig. 6(a) that if the three vectors

(OS
�!

i) are projected onto the line which is perpendicular to any vector OS
�!

i, there always exist both
positive components and negative components. This means that any external force can be resisted
by some of these cable tensions. On the other hand, as shown in Fig. 6(b), if the three vectors are
projected onto the line which is perpendicular to OS

�!
1 or OS

�!
3, all components have the same sign.

This means that all cable tensions cannot resist the external force in the same direction on the pro-
jected line. For both cases, the original convex hulls are in the space of R2. When projected onto
the line, the original problem is equivalent to three new convex hulls which are expressed as line
segments in the subspace of R1. As a result, checking force closure in the space of R1 is simple as it
only involves checking the sign of components.
As mentioned in previous discussion, the first step is to reduce the space dimension and the sec-

ond step is to check the convex hulls formed in the subspaces. If the dimension of the subspaces is
O +f
fp

)(
1

−f

)(
2

−f

)(
j

−f

)(
1

+f

)(
2
+f

)(
i
+f

Fig. 5. Co(f ð�Þ
1 ; f ðþÞ

1 ; . . . ; f ð�Þ
j ; f ðþÞ

i ) is a closed line segment passing the origin.



Fig. 6. Two samples of convex hull. (a) O 2 co(S1,S2,S3). (b) O 62 co(S1,S2,S3).
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more than one, these subspaces are further reduced into other subspaces by repeating step 1 and
so on. As shown in Fig. 7, one original system in Rn is decomposed to m subsystems in Rn�1. Then
each subsystem in Rn�1 is decomposed to (m � 1) subsystems in Rn�2. Therefore, using more
cables considerately increases the number of subsystems in R1. Typically, for a 4-3-CDPPM,
the number of subsystems in R1 is 12 whereas that for a 8-6-CDSPM is 6720.
Mathematically, it is noted that projecting column vectors onto a hyperplane which is perpendic-

ular to the column vector j is a Gaussian elimination for the corresponding column vector. As a re-
sult, a convex hull checking procedure is proposed that is based on a recursive algorithm. This
algorithm is named ‘‘FCC[A(n,m)]’’(Force-Closure Check). Generally, by giving the original struc-
ture matrix A (n rows, m columns) to the algorithm, this algorithm will reduce the space continu-
ously until all subspaces are one-dimensional. The flowchart of this algorithm is described in Fig. 8.
As shown in Fig. 8, the recursive algorithm FCC consists of two procedures:

• One-dimension case: This is the simplest case in which
(a) There is at least one row consisting of the same sign components. This implies that the

convex hull does not enclose the origin. The algorithm returns a value �0�, or
Fig. 7. Diagram of decomposing space dimension.



FCC[A(n, m)]

Column order, j = 1

FCC = 0

FCC = 1

If sign is changed
in each row?

Gaussian elimination
of the first column

j = j + 1, then
swap two columns 1 and  j

FCC = 0 FCC = 1

FCC[A(n–1,m–1)] = 1?
 If the last column
is done ( j = m)?

If the number of
rows is one?

Yes

No

Yes

No

No

Yes

Yes

No

If

Fig. 8. Recursive algorithm ‘‘force-closure check’’—FCC.
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(b) The number of rows is one. If the signs among components are changed, the line segment
encloses the origin. The algorithm returns a value �1�. Otherwise, it returns a value �0�, i.e.
the signs are unchanged.

• Higher dimension case: This is the case such that the number of rows is greater than one and the
signs are changed in each row. Reducing space dimension is done by Gaussian elimination until
one-dimensional systems. If there is one subsystem which does not satisfy the force-closure
condition, the algorithm returns a value �0�.

For convenient programming in Matlab, the Gaussian elimination is always done for the first
column. Therefore, a column index j is used to increase the column order, then this column is
swapped with the first column. To demonstrate this algorithm, detailed checking steps of two
examples shown in Fig. 6 are presented in Appendix A.
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3.3. Generating force-closure workspace

In formulating the force-closure workspace, a set of fully restrained postures needs to be ob-
tained. Positional and rotational ranges are discretized into segments. At each of their combina-
tions, a corresponding structure matrix A is determined. By applying the force-closure algorithm,
returning value �1� means this posture belongs to the force-closure workspace, and returning value
�0� implies this posture does not belong to the force-closure workspace. Although this workspace
generation takes time to finish, this approach is very simple and effective to obtain the workspace
area or volume when necessary. If the resolution is large enough, its area or its volume is closed to
analytical results which are difficult to calculate for general cable-driven parallel mechanisms.
In this paper, two typical mechanisms are used to verify the recursive force-closure algorithm.

Firstly, the algorithm is applied to the completely restrained cable-driven planar parallel mecha-
nism (3 degrees of freedom, 4 cables). For this mechanism, the orientation of the platform is fixed,
a set of positions (x,y) of the center of mass of the moving platform P defines the force-closure
workspace. Secondly, the algorithm is applied to the redundantly restrained cable-driven spatial
parallel mechanism (6 degrees of freedom, 8 cables). Similarly, the three orientations are kept con-
stant, and the force-closure workspace is defined by the set of positions (x,y,z) of the center of
mass of the moving platform P.
4. Simulation and results

In this section, the recursive force-closure algorithm is applied to generate the force-closure
workspace for the two typical mechanisms shown in Fig. 2. Simulated results shows the effect
of the recursive algorithm.
In the following illustrations, the mechanisms have the symmetric design. For the planar mech-

anism shown in Fig. 9(a), the base is a square of 1 · 1 (m), and the moving platform is a rectangle
that has the dimension of 0.3 · 0.2 (m). For the spatial mechanism shown in Fig. 9(b), the base is a
unit cube of 1 · 1 · 1 (m), and the moving platform is a parallelepiped that has the dimension of
0.3 · 0.2 · 0.1 (m). The base frame is located at the point B1. The coordinates of vertices are de-
scribed in Fig. 9. The local frame is located at the center P of the rectangle (in the planar case) and
Fig. 9. Geometrical parameters. (a) A symmetric 4-3-CDPPM and (b) A symmetric 8-6-CDSPM.



Fig. 10. Two-dimensional force-closure workspaces of the 4-3-CDPPMs. (a) / = 0�, (b) / = +3� and (c) / = �3�.
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Fig. 11. Three-dimensional force-closure workspaces of the 8-6-CDSPM. (a) a = 0�, b = 0�, c = 0�, (b) a = + 3�, b = 0�,
c = 0� and (c) a = �3�, b = 0�, c = 0�.
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of the cube (in the spatial case). Therefore, a set of reachable positions of this center P at a certain
orientation of the moving platform constitutes the force-closure workspace.
As shown in Fig. 10, the force-closure workspace is generated at various orientations of the

moving platform. The 2-dimensional workspaces obtained at / = 0�, +3� and �3� are illustrated
in Figs. 10(a)–(c), respectively.
In order to verify the validity of the recursive algorithm for redundantly restrained positioning

mechanisms, the algorithm is also applied to a 8-6-CDSPM. Subsequently, the force-closure
workspaces are illustrated in Fig. 11. By giving c = 0� (the orientation about x) and b = 0� (the
orientation about y), the three-dimensional workspaces obtained at a = 0�, +3� and �3� (the
orientation about z) are illustrated in Figs. 11(a)–(c), respectively.
As shown in Figs. 10 and 11, it is realized that the force-closure workspace is always smaller

than and inside the convex hull formed by the base. This is useful to set the initial possible dis-
placement ranges for discretizing. Moreover, with c = b = 0�, the 8-6-CDSPM looked from the
top is actually equivalent to the 4-3-CDPPM. Therefore, the cross sections of the three-dimen-
sional workspaces in Fig. 11 are exactly the same as the two-dimensional workspaces in Fig. 10
due to their similar dimensions.
From the previous illustrations, it can be seen that the recursive algorithm can be generally ap-

plied to completely restrained positioning mechanisms and redundantly restrained positioning
mechanisms. These results can be verified through the null space approach—the homogeneous
solution of underdetermined linear systems [9].
5. Conclusion

The general algorithm to generate the force-closure workspace of cable-driven parallel mecha-
nisms is the major subject of this paper. A set of discrete postures which satisfy the force-closure
condition constitutes the force-closure workspace. The recursive algorithm has been applied suc-
cessfully to check the force-closure and then generate the workspace of a 4-3-CDPPM, which is a
completely restrained positioning mechanism, and a 8-6-CDSPM, which is a redundantly re-
strained positioning mechanism. Due to the generic formulation approach, the proposed algo-
rithm can be used for both completely restrained positioning mechanisms (m = n + 1) and
redundantly restrained positioning mechanisms (m > n + 1). As the computational resolution is
increased, the resulted workspaces are more precise.
As discussed in Section 3.2 the convex hull can also be visualized if the task-space dimension is less

than or equal to three. However, this geometrical visualization becomes ineffective as the number of
cables increases because of the convex hull formulation. On the other hand, the proposed algorithm
can still be applied for incompletely restrained positioning mechanisms (m < n + 1) by combining
external forces and cable tensions instantaneously. In brief, this approach can be generally used
to create the force-closure workspace for various cable-driven parallel mechanisms.
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Appendix A. Force-closure checking steps of examples in Fig. 6

The sequential procedures to check the convex hull (or force-closure) for sample cases in Fig. 6
are shown in Figs. A.1 and A.2. In Fig. A.1, both positive and negative components exist in each
Fig. A.1. (a) The original structure matrix. (b) Step 1: The signs are changed in the second row. (c) Step 2: The signs are

changed in the second row. (d) Step 3: The signs are changed in the second row. Computational steps for the case in

Fig. 6(a).



Fig. A.2. (a) The original structure matrix. (b) Step 1: The signs are the same in the second row. (c) Step 2: The signs are

changed in the second row. (d) Step 3: The signs are the same in the second row. Computational steps for the case in

Fig. 6(b).
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sub-matrix (the second row), whereas there exists at least one sub-matrix which composes all
negative or all positive components as seen in Fig. A.2.
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