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Ly thuyét déo ky thuat

2.1. Ung suat

2.1.1. Ung suét ctia diém va tensor @ng suit

Nhu ching ta biét, ing suat duge dinh nghia nhu 1a cudng do cla noi luc
tdc dong gilta cdc phan t6 ctia vat thé trén cdc bé mit 4o bén trong.
Kh3o sat mot dién tich bé méit AA di qua diém P, véi phdp tuyén don vi
n nhu hinh 2.1. Goi F, 1a hgp luc tdc dong trén bé mat AA. Vector tng
suat ¢ diém P, tdc dong trén mét cidt AA duge dinh nghia béi

n

T=T

= lim Ry (2.1)
AA—0 AA

Trang thdi Gng suit tai mot diém dugc dinh nghia 1a t4p hgp tdt ca céc
vector ing sudt tac dong trén moi méit cit di qua diém 4y.

Do c¢6 vd s6 miét cat di qua mot diém nén ta c6 tap hop vd s6 cdc vector
ing suat T, ching néi chung sé khac nhau. T4p hgp vé han céc vector
ing sudt T nay dic trung cho trang thdi dng suit cta diém. May nin
thay, vo han céc vector ting suit T nay khong phai la cac vector doc lap
nén ta khong cin biét t4t cd cac vector ing suit nay. Nhu sé dugc ching
minh sau nay ring néu bist dugc ba vector dng sudt 7, ¥, va T trén ba
mat phang vuéng géc 1dn nhau, nhu duge biéu dién trén hinh 2.2, thi
vector Uing sudt trén mat phing bat ky di qua diém nay cé thé tim thay
tif nhitng phuong trinh cin bing ctia diém 4y.

-2 -3

Hinh 2.3 biéu dién mot phan t6 OABC véi cac vector Gng suit %1, T, T,
va 7 lan lugt tdc dong trén cac mat OBC, OAC, OAB va ABC cta né.
Vector Gng suat 7 (%, 7) mod ta ing sudt tdc dong trén mit vi phan Am
vudng géc véi vector don vi €, (&,, €,).

X2 i
n
P, n
%’ 3
2| AA
o) X1
é3

X3

Hinh 2.1. Vector Gng suit T cta diém P, trén mat cit AA.
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Hinh 2.2. Céc vector Gng sudt trén ba mat phing
vudng géc 1an nhau ¢ mot diém.
Vector don vi c6 thé dugc viét du6i dang

A =(n,Nn,,Nn,) (2.2)

G day céac cosine chi phuong n;, ny, n3 duge cho bdi
n, = cos(&,,n)
n, =cos(&,,n) (2.3)
ng = cos(&;,n)
Goi A la dién tich cia tam gidc AABC, A; la dién tich cia tam gidc
vudbng géc v6i truc x;. Ta c6 quan hé

A, = Acos(€,n) = An, (2.4)

Hinh 2.3. C4c vector tng suat tdc dong trén mit nghiéng
bat ky va trén cac méit phing toa do.
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Tit phuong trinh can bing ciia phan t6 OABC (hinh 2.3) va dung (2.4), ta
co
n

-2 -3
T(A)+T(An)+T(An,)+T(Any)=0 (2.5)

Chia (2.5) cho A, ta ¢6

n -] 2 3

T=-Tn,-Tn,-Tn, (2.6)
Nhung

i —i

T=-T doivéii=1,2,va 3
Do do,

no1 2 3

T=Tn,+Tn, +Tn, (2.7
hoic trong hé truc xyz,

n X y Z

T=Tn,+Tn,+Tn (2.8)

Phuong trinh (2.7), (2.8) biéu didn vector Gng sudt T & diém bat ky tdc
dong trén mét cit c6 phdp tuyén don vi N theo cac vector ting suat téc
dong trén cic mit phing vuéng géc véi ba truc toa do xi, Xs, va x5 cla
ciing diém 4y. Do d6, rd rang 1a ba vector Gng sudt T, 7, va + dinh nghia
hoan toan trang thai tng suit ¢ mot diém.

Vector ng suit, %, néi chung, khéng vudng géc véi mat phang ma né
tac dong. Do dé, trong thuc t&, vector Gng sudt T dugc phan tich thanh
hai thanh phan, mot thanh phan vudng géc v6i bé mat cat duge goi la
ung sudt phdp, va thanh phan nim trong mat phing duoc goi la ung
sudt tiép.

Céc vector Ung sudt tac dong trén cdc mat phing toa dd x;, Xo, VA X3
cing dugc phan tich thanh ba thanh phan theo cdc phuong truc toa do.
Thi du, vector Gng suat T téc dong trén mat phing vudng géc véi truc xy,
c6 ba thanh phan Gng suit: Gng sudt phap o1;, cdc Ung suit ti€p oy va
o153 theo phuong x;, X5, va x3 tuong tng (hinh 2.4). Do d6, ta c6

]
T =016, + 0,6, + 0,36, (2.9
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X9

|

G12 1
T (011, O12, G13)

- C11 X1

X3

Hinh 2.4. C4c thanh phén clia vector Gng sudt 7.

—ia

= c”é]— (2.10)

Tuong tu, ddi v6i hai miat phang vudng géc v6i hai truc toa do x, va xs,

2
T =0,8, (2.11)

3
T =046 (2.12)

Téng quét,
i

T=o, (2.13)

¢ day o; la thanh phin dUng suit thi j cla vector tng sudt 1 tac dong
lén phan t& bé mit c6 phap tuyén ngoai cung chiéu vé6i chiéu duong cta
truc toa do x; (hinh 2.4).

2

. cxr 3p 3 - . sy 1 L2
Chin dai lugng o;; can thiét de dinh nghia ba vector Ung suat 7, T, va T,
dugc goi 14 cdc thanh phan cda tensor Ung suit, né dugc ky hiéu duéi
dang

N

1
T
2 Gy1 Oy2 Oy3
_|T1l= 2.14
Gij T|=|0y 0p O ( )
3
3 c c c
31 32 33
T
G déy G11, 029, va 033 la cdc thanh phfin l’Ing Sl,lé/t phé.p va 12, 021, ... la

c4ac thanh phan tng suit tiép.
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Céc thanh phin cia tensor Ung sudt ciing c6 thé dugc viét bang cach
dung ky hiéu cia von Karman va cé dang

c;=|7T c, T (2.15)

¢ day o mo td thanh phan Gng sudt phdp, va t mo6 ta thanh phan Gng
sudt ti€p. Tuong tu, cdc ky hiéu oy, Oxy, ... 6 thé duge dung d€ thay cho
o;j d€ dinh rd cdc thanh phan cia tensor Gng sudt trong (2.14) va (2.15).
Do d6, cac dang sau day la cdc ky hiéu dong thoi cho tensor ing suit o;;:

Gyy Oyp Oy3 Oyx Oxy Ox Oy Ty Txz
Gj =| 021 Opp Op3 |=|Oy Oy Op [Z|Tyx Oy Ty (2.16)
G3y Ozx Ogzj O;x Oz Oy Tx Ty Oy

Thay (2.13) vao (2.7), nhiing thanh phin cla vector Gng suit T c6 thé
dugc viet nhu sau:

T =o;n, (2.17)

Tir viée khdo sdt su can bang cla cdc moment cho phan t§ vat liéu, ta
thdy rang tensor Ung sudt, o, la tensor ddi xing, nghia 1a o; = o;. Do
d6, phuong trinh (2.17) c¢6 thé dugc viét lai cho thuén tién hon

n

T =opn, i=1,2,3 (2.18)

v6i o duge cho béi (2.16).

Phuong trinh (2.18) biéu dién cdc thanh phan cla vector ing sudt tac
dong 1én mot mit nghiéng bat ky c6 phap tuyén don vi n ¢ diém dang
khdo sat theo cdc thanh phin cla tensor Gng sudt, o;, ¢ diém dé. Do do,
vector Gng sudt T sé dugc xdc dinh néu biét chin dai lugng cla tensor
Ung sudt oy

Trong phuong trinh (2.18), + va n; la cdc vector. Tit phuong trinh nay, ta

¢6 thé ching té rang o;; 1a tensor bac hai; nghia 1a, cdc thanh phan tng
sudt o; trong hé truc x; va cdc thanh phan tng sudt o; trong hé truc x’;
dugc lién hé véi nhau theo nhitng phuong trinh sau:

i = Linl ;o (2.19)

im*jn~mn
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c.=/( ( C (2.20)

ij mi™ nj ;nn
v6i /5 1a cédc cosine chi phuong duge cho trong bang 1.3.
2.1.2. Cac cong thic dWng suat Cauchy

Nhitng cong thic (2.7) va (2.18) thu dugc trong phan trén 1a cac dang
khéc nhau cda céc cong thic ing suit Cauchy. Tuy nhién, trong thuc té&
luén c6 nhu cau biéu dién truc ti€p nhitng thanh phan ing sudt phap va
Ging suat tiép, o, va Sy, cla vector Gng sudt T tdc dong trén mit nghiéng
bat ky cé6 phap tuyén don vi n ¢ diém dang khdo sat theo cdc thanh
phan cua tensor Ung sudt c;; § diém d6. P 16n cia thanh phan dng suit
phéap dugc cho béi

—i>

o, =

Thay (2.18) vao (2.21), ta ¢6

Gp = G (2.22)

n
A=Tn, (2.21)

Do 16n cia thanh phan tng suit tiép duge cho béi

N 12
S, :[(TJ —csﬁ] (2.23)

g day, tu (2.18), (;T thu duge nhu

n\2 nn nn
(T) =TT =TT, =(o;n)(ciNy) (2.24)
hoac
a2
[Tj = 0,03 NN; (2.25)

Cac cong thic (2.22) va (2.23), doi véi viéc xdc dinh cdc thanh phan Gng
sudt phdp va Ung sudt tiép tdc dong trén mit nghiéng bat ky c6 phép
tuyén don vi n, 1a cdc dang hitu ich nhat ctia cdc cong thic Cauchy.

Vector G, cung phuong v4i phdp vector don vi n, va vector S, nam

trong mit phéng duge hinh thanh béi hai vector Fvan.
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2.1.3. Cac dWng suat chinh va cac bat bién cua tensor Wng suit

n

N&u vector tng suat T tdc dong trén mit nghiéng cung phuong véi
vector phap tuyén don vi N cia mit nghiéng thi mit nghiéng nay duogc
goi 12 mdt chinh, phuong phdp tuyén cia mit nghiéng dugce goi la
phuong chinh, va G(ng suat phdp o, tdc dong trén mit nghiéng dugc goi
1a ung sudt chinh cha diém. Vi 7 song song v46i N nén T = G, va S, = 0.
Nhu sau nay chi rd, & mdi diém trong vat thé, ton tai it nhat ba phuong
chinh. Tt dinh nghia, ta cé

n

T=o0on (2.26)

ho#c trong dang thanh phan

n

T -on (2.27)
Thay thé 7 tir (2.18) sé dua dén

oyn, = on, (2.28)

Péng thic trén dugc khai trién chi ti&t nhu sau:
61Ny + 045N, + Oy3N5 = 0N,
GoqNy + Oy + GoaNy = oM, (2.29)
Gg3qNy + O35, +Og3N3 =GN,
hoic theo ky hiéu ctia von Karman
(GX - 6) Ny + TNy + 17,0, =0
M, + (o, —o)n, +1,n, =0 (2.30)
Ty + TNy + (GZ - G)nz =0
Hé ba phuong trinh tuyén tinh thuin nhat trén luén ton tai bo nghiém
tdm thudng (ny = ny = n, =0). P& ¢6 bd nghiém khong tam thudong, dinh

thiic ciia ciac hé s6 ctia hé ba phuong trinh tuyén tinh trén phai triét
tiéu:

X Xy Xz

- = 2.31
Tx Oy,—GC T, 0 (2.31)
Ty Ty ©,-GC
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Diéu kién nay xéc dinh gii tri ciia 6. Téng quat c¢6 ba nghiém, oy, oy, va
o3 (thudng ky hiéu 6; > 65 > o3). Ba nghiém c6 thé nay la ba d6 16n c6
thé cla Ung sudt phdp tuong Ung véi cdc Ung sudt ti€p bang khong.
Trong ky hiéu tit, cac ddng thic (2.30) va (2.31) c6 dang

(O'ij - GSij)nj =0 (2.32)

o — 08, =0 (2.33)

Khai trién (2.31) ho#c (2.33) dan dén phuong trinh dic trung

6% —lo® +l,6 -1, =0 (2.34)
¢ day
I, = téng cac s6 hang trén dudng chéo chinh cia tensor Ging suit
i
ly =0y =044+ 0, +033 =0, +0, +0, (2.35)

I, = tdng c4dc phan phu dai s6 clia cic s6 hang trén dudng chéo
chinh cta tensor Ung suft o;

c c Gy © G, ©
22 O3 11 O13 11 O12
I, = + +
c c G4y O G, ©
32 Ogss 31 Oss 21 Oo2
(2.36)
(¢ T o T (¢ T
y yz X Xy
— + X Xz +
T,y Oz [Tx Oz| [Tyx Oy
I; = dinh thdc cla tensor Ung suft o
04y Oyo Oy3 Oy ‘ny Txz
l3 ={021 G2 Opg|=[tyx Oy Ty (2.37)

Tat Taz Os3| [T T, O,
Tir déc tinh ctia cdc nghiém cia phuong trinh bac ba, c6 thé thay riang
I,=01+ 09+ 03
I, = 6109 + 0903 + G307 (2.38)
I3 = 010903
Do d6, phuong trinh bac ba (2.34) phai nhu nhau trong cd trudng hgp

thu duge ti hé truc x, y, z ciing nhu truong hop thu duge tir hé truc ba

9
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phuong chinh 1, 2, 3. Vi thé, céc dai luong I, I,, va I3 1a nhiing bat bién
cia tensor Ung suit oy; nghia 1, cdc gia tri cia chung sé khong doi bat
chap su xoay cda hé truc toa do.

Thay thé& o1, 69, va o3 vao tré lai (2.32), va dung thém dong nhat thic
n?+n3+n3 =1 (2.39)

ta c6 thé xdc dinh cdc thanh phan (n4, ny, n,) cia phdp vector don vi n;
tuong ng véi mdi gid tri cGa Ung suit chinh o,

A = (ngﬂ,ng),ng)) ddi véi 6 = o3
i = () a6iv6io = o, (2.40)
A®) = (ngs),n(gs),nff)) doi véi o = o3

Ba phuong nay dugc goi 1a ba phuong chinh ciia diém.

Phuong trinh b3 sung (2.39) dugc dit ra do thuc t&€ rang khi ¢ trong
(2.32) bang o1, thi theo 1y thuyét dai sé tuyén tinh hé ba phuong trinh
(2.33) chi c6 toi da hai phuong trinh doc 1ap. Cé thé chi ra ring néu tat
ca ba nghiém o khdc nhau, chinh xdc ¢6 hai phuong trinh doc lap.
Trudng hop dic biét trong d6 hai hay ba nghiém o tring nhau thi c6 thé
dugc xem nhu 14 truong hop gidi han. Trong lic chd doi, ta chi can thuc
t& 1a hai hodc mot trong cac phuong trinh (2.32) doc lap, it nhat mot 1oi
giai ni“) théa déng thoi cac phuong trinh (2.32) va phuong trinh (2.39)
ton tai. Tuong tu, n® tuong dng v6i oz, va n® tuong Ung véi o3 c6 thé
dugc tim thay.

2.1.4. Cac Wng suit ti€p chinh va ng suat tiép cuc dai

Trong viéc mo td trang thai (ing suit clia diém, ta thuong 14y ba phuong
chinh 1, 2, 3 1am ba truc toa do thay cho hé truc téng quit x, y, z vi tinh
don gidn do né dem lai. Chd ¥ riang trén nhitng mét phing toa do nay
tat ca cdc Ung suat ti€p dau bing zero (hinh 2.5).Vi thé, do 16n cha tGng
sudt tdc dong trén mit nghiéng bat ky c6é vector phap tuyén don vi n &
diém nay nhu dugc cho béi (2.25) sé c6 két qua

2
n
[Tj _ %2 + o%ne + o2n? (2.41)
Thanh phan ting suat phap dugc tinh theo (2.22)

10



Chuong 2. Tiéu chuidn chay va tiéu chuin pha huy

—wn2 2 2
G, = 64N; +o,N; +o5N; (2.42)

Tir phuong trinh (2.23), dd 16n cta thanh phan tng suit tiép dugc biéu
dién nhu

2
n 2
s2 - (Tj 02 = (0% + 02k + 6202 ) — (o + 0nd + o | (243)

on

3
Hinh 2.5. Cac thanh phan cta vector Gng suit tic dong
trén mat nghiéng bat ky trong khong gian Gng suat chinh.

Diéu kién cia phép vector don vi duge cho béi
nZ+n3+n; =1 (2.44)

Tu nhitng phuong trinh (2.42) va (2.44), va khi ns, ta thu dugc o, nhu la
ham cia n; va n,. P8i v6i cdc gia tri diung cha o,, 14y dc,/on; = 0 va
0G,/0ny = 0, ta c6 thé chi ra ring o, = o3 1a mot gia tri diung. Tuong tu,
ta ciing c¢6 thé chiitng minh o; va o5 1a nhitng gi4 tri diing clia Gng suit
phap o,.

Bay gio ta khdo sat céc gid tri ding cha tng sudt tiép S,. T cdc phuong
trinh (2.43) va (2.44), va khi ngs, ta thu dugc

2
S2 = ((512 —(52)[’112 +(G§ —cg)nﬁ +05 —[(61 —css)n12 +(o, —03)n§ +63:|

(2.45)
Do do, vi céc gid tri dilng cta S, ta c6
1 082
> an: = (o, - 03N, {(01 ~03)~2[ (0~ o)1} + (o, _cs)ng}} ~0 (2.452)

11
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1082
2 on,

(02 = 03)n, {(02 ~05) ~2[ (0 05 )} + (0, 0 ) |} = 0 (2.45b)

Gia st rang ba Ung sudt chinh o1, 65, va o3 khac biét nhau, nghia 12 c; >
Gy > o3, ta thu dugc nhitng diéu kién c6 thé théa cdc phuong trinh
(2.45a,b), va (2.44) nhu sau:

(1) n; =nNg = 0, ng ==+ 1 (246)

Phuong trinh (2.43) cho két qua S, = 0, gi4 tri cuc tiéu, va thanh phan
(ing suat tiép nay tdc dong lén mit chinh thd ba.

() ny=0my=+_ ving=t (2.47)

J2 V2
Céc gia tri n;, ny, va ns nay xac dinh hai mat phéng song song véi truc
chinh thd nhét va c6 phap tuyén hop mot géc 45° v6i truc chinh thi hai
va thi ba. Gia tri dung cua S, trong truong hop nay duoc cho béi

H+

S2=1(0,-0,) (2.48)
hoac
Tos =[Sy = 2|0, — 03] (2.49)
(iii)) ng=0,n; == i, vang =+ 1 (2.50)
V2 V2
Gié tri dung caa S, trong trudng hgp nay la
5 =[S,| = 2|01 — o5 (2.51)

Céc gia tri n;, ny, va ns nay xdc dinh hai mat phéng song song véi truc
chinh thd hai va c6 phép tuyén hgp mot géc 45° véi truc chinh thi nhat
va thd ba. Tuong tu, mot gid tri ding khdac clia Gng suit tiép S, c6 thé
dugc xdc dinh béi

Ty, =[S,| = 2|0y — oy (2.52)
Ung sudt ti€p nay tdc dong trén nhitng mit phing song song véi truc
chinh thd ba va c¢6é phap tuyén hop mot géc 45° véi truc chinh thd nhat
va thu hai.
Céc gia tri dtrng%|cs1 —62|,%|62 —03|,%|01 —c3|duqe goi 1a cdc Ung suat
ti€p chinh do ching xay ra trén nhitng mét phing chia doéi géc gitta cac
mit chinh. Cdn chd ¥y ring nhitng mit trugt chinh khong phai 1a céc

12
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mat trugt thudn tdy; Cac ing suadt phap trén nhiing mit trugt chinh cé
thé dugc tinh bang cdch dung phuong trinh (2.41) va cdc gid tri tuong
ting clia n;, ny, va ns. Gia tri cuc dai cla céc ing sudt ti€p chinh, dugc
goi 1a ung sudt tiép cuc dai, Tmax, bANG 1,5 = %|c51 - 03| vi 61 > o3 > os.

2.1.5. Tensor Wng suit léch va cac bat bién cta né

Dé tién lgi trong viéc md hinh vat liéu nguvi ta phan tich tensor tng
suat thanh hai phan, mot phan dugc goi 1a tensor ung sudt cdu hoic
tensor ung sudt thiy tinh va phan con lai dugc goi 1a tensor ung sudt
léch. Tensor Ging suat thiy tinh 12 tensor ma nhitng phan ti ctia né la
0!17' = pd;j, 6 day p 1a ung sudt trung binh va dugc cho béi

H

—p=1 _ 1 -
Gj =P =730k ——(GX+GY+GZ)—

y l, (2.53)

1
3
Tir phuong trinh (2.53), rd rang p la hing s6 v6i moi hé truc toa do; do
dé, né dugc goi 1a wng sudt cdu hoic ung sudt thiy tinh. Dang téng quat
clia tensor ing suit cau

p 0O

=10 p O (2.53a)
0 0 p

Tensor Gng sudt léch s; duge dinh nghia béng cdch trit trang théi dng
suat cau khéi trang thai ting sudt that. Do dé, ta cé

Gjj = Sij + POjj (2.54)
Sij = Cij — PJjj (2.55)

Phuong trinh (2.55) cung cdp mot dinh nghia can thiét cho tensor tng
sudt léch s;. Nhitng thanh phan cla tensor nay duge cho béi

811 S12 Sy3 (o11-p) G12 G13
Sjj =[S21 Sp2 Sp3|= Oy ((722 - p) O23 (2.56)
S31 S32 Szz| | Ozy G32 (035 —P)

hoéc dung ky hiéu cia von Karman

S, Sy Sk (ox—P) Ty T,
$i=[Sy S S |=| T (o-P) 1 (2.57)
Sox Szy S, Tox sz (Gz — p)

13
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Chu y rang §; = 0 va s;; = o;; 461 v6i i # j trong phuong trinh (2.55).

R6 rang rang viéc trif mot ing sudt phdap hing trong tat cd cdc huéng sé
khong lam thay d6i nhitng phuong chinh. Do dé, cdc phuong chinh cda
tensor Ung suit léch trung véi cdc phuong chinh clia tensor ing suat goc.
Trong khong gian clia céc ing suat chinh, tensor ting suat léch c6 dang

((51 - p) 0 0
s;=| 0 (o,-p) O (2.58)
0 0 (05 -P)
hoac
[26,-06, -0, 0 0 ]
3
5 = 0 20, =05 =0y 0 (2.59)
3
0 0 265, -0, -0,
(. 3 P

D& thu dugc cac bat bién cuia tensor tng sudt léch s;, mot phép dan xuat
tuong tu dugc thuc hién nhu da dung dé thu dugc (2.34). Do dé ta c6 thé
viét

|s; —s8,| =0 (2.60)
hoac

s —Js?+J,8-J;=0 (2.61)
& day Ji, Ja, va J3 1a cac bat bién cha tensor tng suit léch. Dung phuong
trinh (2.54) va nhitng dinh nghia tuong tu nhu tir (2.35) dén (2.37), cac
bat bién Ji, Jy, va J3 c6 thé dugc biéu dién trong cic dang khac dudi
dang céac thanh phan cla s;; hodc cdc gid tri chinh clia né, s, sg, va ss,

hay dudi dang cdc thanh phan cla tensor Ung sudt o; hodc cdc gid tri
chinh cta nd, o1, o9, va c3. Do dé, ta c6

J;=8;=8,;+8,,+S33 =5;+5,+5;, =0 (2.62)
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Chuong 2. Tiéu chuidn chay va tiéu chuin pha huy

9 12 2 2 _1(a2 2 2
Jp =388 = 5(311 + 825 833 7512851 7521512 F ) = 5(31 +S; F 33)
“ (a2 42 L Q2 2 2 2

= 5(311 + 85, + 855 + 267, + 2655 + 2031)

_ 2 2 . 2 _
= —Sy1S22 ~ S55833 ~ S33S11 Oz + O3 + O3y = — (S5, + 8,8 +555;)

r 2.63)
_ 1 2 2 2 2 2 2 (
=51 (811—52) +(322 ~Sg3) +(Sgs _311) }rcm + Op3 + O34
i 2 2 2
_1 2 2 | .2
G (GX_GY) +(GY_GZ) +(GZ_GX) :|+Txy+1yz+1zx
[ 2 2 2
=1 (01-02)" + (02~ 5)" + (03~ |
Sy Ty Txz
_ 1 _ _1(e3 L &8 L e3)_
Js = 388k8k = |Tyx Sy Tyl = 3(31 +5s; +33) =5,5,5, (2.64)
Tox Ty S,

Céc bat bién Jy, Jy, va J3 cla tensor tng suat léch dugc lién hé véi cac
bat bién I;, I, va I3 cla tensor Ung suit o; boi

J, =3(1F -31,) (2.65)
Jg = 2 (28 -9l + 271,

Viéc st dung tensor tng sudt léch c6 uu diém 1a bat bién thi nhat cta
tensor nay, Ji, luén bing khong. Piéu nay ciing c6 thé dugc thiy bing
cach 14y téng ctia cdc phan ti chéo trong (2.56) hoic (2.58).

C6 thé thay riang diéu kién can va dua dé trang thai dng sudt l1a trang
thai trugt thuan tdiy 1a oj; = 0, ho#ic bat bién thd nhat cta né I; = 0 (xem
bai tap 2.11). Do d6, tensor ung sudt léch s; la trang thdi trugt thuan
tay.

2.1.6. Ung sudt bat dién

Mdt phdng ting sudt bdt dién 1a mat phang c6 phap tuyén nghiéng déu
so v6i ba phuong chinh cta tng sudt. Do d6, cic mit phing v6i phap
tuyén don vi ﬁ:(n1,n2,n3):(1/\/5)(i1,i1,i1) trong hé truc Ung suidt chinh
dugc goi 1a cdc mat bat dién. Chd y ring ta c6 dén tdAm méit bat dién
nhu dugc biéu dién trong hinh 2.6, v6i OA = OB = OC = OA’ = OB’ =

OC’. Trong hé truc Ung sudt chinh 1, 2, va 3, tensor Ung sudt o; dugc
viét nhu
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Ly thuyét déo ky thuat

c;, 0 O
o = 0 o, O (2.66)
0 0 o,

Thanh phan Gng sudt phap clia vector Gng suit tai diém O, tdc dong
trén mat nghiéng cé vector phap tuyén don vi n c6 thé thu dugc biang
cong thac Cauchy (2.22),

Gn = Oyl
hoac

Op = 01111 + Oy + O33Ny (267)

Hinh 2.6. Cac thanh phan cta vector Gng suat tic dong
trén mat nghiéng bat ky trong khong gian Gng suat chinh.
Do dé, ting sudt phap trén mot mit bat dién sé 1a
oot = O% +0,N5 +64N; =1(0,+0, +05) =11, (2.68)

3

Chi ¥ ring d6 16n clia 6, trén tat cd tdm mit bat dién 1a bing nhau va
ring dai luong o, chinh 1a Gng suidt phdp trung binh (ho#c tGng suit
thay tinh).

Ung sudt ti&p trén mit bat dién, T, ¢6 thé thu duge tir cong thic trong
phuong trinh (2.23):
N
Tgct = (Toctj - G,_.z)ct (269)

St dung phuong trinh (2.24) dé tinh (f..)% ta nhan dugc
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Chuong 2. Tiéu chuidn chay va tiéu chuin pha huy

2
n
[T] — o202 4 22 + o = £ (02 + 02 + of (2.70)

Do do,

2

Toct

1
= %(012 +03 +c§)—3—2(c1 +0, +c53)2
1 (2.71)

2 2 2
=§[(G1 -6,) +(0,-03) +(05-0y) J
Diing céc két qua vé tng sudt tiép chinh, 1, c6 thé dugc biéu dién nhu

2

2 2 2
Toot = %(Tm + 155 + 131) (2.72)

¢ day T1g, Te3, VA T3 12 cdc ting sudt tiép chinh. Do 46,

2 2 22
Toct = %(112 Tt 1:31) =3 (2.73)

& day J, 1a bat bién thi hai cla tensor Gng sudt léch. Ung sudt ti€p bat
dién c6 thé dugc tinh theo cdc bat bién cta tensor ting suidt nhu (xem
phuong trinh (2.65))

2 2
Toot = i('? -3l,) (2.74)
va theo cdc thanh phan tGng sudt trong hé truc téng quat xyz, Gng suit
tiép b4t dién tré thanh (xem phuong trinh (2.63))

v
2 2 2
_1 2 2 2
roct—g[(cx—cy) +(Gy—GZ) +(GZ—GX) +6(rxy+ryz+rzx)}

2
(2.75)

Chd ¥y ring do 16n clia T trén tdm mat bat dién 1a nhu nhau va dai
lugng T, c6 thé dugec xem mot cach hoi khap khiéng la Gng suit tiép
chinh trung binh nhu dugc cho béi (2.73).

2.1.7. Cac ¥ nghia vat 1y cta cac bat bién dng suat I; va J,

Cé6 vai cach hiéu vé cac bat bién tng suat I; va Jy, mot trong cac cach
hiéu 4y dugc biéu dién béi cdac ding thic (2.68) va (2.73). Cu thé 1a, 1,/3
1a dng sudt phap bat dién oo, trong khi /(2/3)J, la Gng suit tiép bat

dién. Nhitng hiéu biét biét khac dugc trinh bay trong cac phan duéi day.
2.1.7.1. Ning luong bién dang dan héi
Nang lugng bién dang dan hdi téng cong W trén mot don vi thé tich cta

vat lidu dan hoi tuyén tinh c6 thé dugc chia thanh hai phan, mét phan
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Ly thuyét déo ky thuat

lién quan vé6i su thay déi thé tich Wy, va modt phan lién quan véi su thay
déi hinh dang W,:

W = W1 + W2 (279)
v6i
o .~ 2, rd , 1 - 2V 2
W; = néng lugng gidn nd thé tich = I (2.80)
< FIERTRS L, 1 + Vv
W, = nang lugng thay do6i hinh ddang = J, (2.81)

¢ day E va v tuong tng 1a modulus dan héi va hé sd Poisson. Céc bat
bién I; va J, duge xem 1a ty 1é thuan véi ning lugng gidn né thé tich va
ning lugng thay déi hinh ddng mot cach tuong tng.

2.1.7.2. Ung suit trung binh

Kh3o sat phan t6 thé tich hinh cAu vi phan. O mot diém trén bé mit
cia hinh ciu nay, vector ing suit trén miat phing ti€p tuyén cé6 mot
thanh phan Gng suit ti€p 1, va thanh phin (ng suadt phap o, Gia tri
trung binh ctia ing sudt phdp o, trén toan mit cau cé thé dugc xdc dinh
béi

. 1
= — 2.82
o lm[SJGSdS] (2.82)
s
¢ day S biéu thi dién tich mit cau. Biéu thic nay duge dinh lugng
opn =3(0;+0, +05) =3, (2.83)

Doi v6i tng suat tiép 1 trén mit ciu, gia tri trung binh cha 1, c6 thé
duge dua vao cdc Ung sudt ton tai trén tat cd cdc mit phing c6 thé di
qua diém bang cach thuc hién phép tinh trung binh trén toan mit ciu.
Do d4au cla tng sudt tiép khong c6 y nghia d6i véi co ché vat ly cta su
pha hay nén thiét thuc nhat 14 14y phép trung binh theo dang trung
binh cén bac hai. Nghia la,

12
(1,
T, = Lm[girst] (2.84)
Thuc hién phép tich phan, ta ¢
1 [ 2 2 2}1/2
1. =—|(o,-0,) +(0,-0,) +(cy3—-0 (2.85)
n=rel(or-02) +los 05 4050
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Chuong 2. Tiéu chuidn chay va tiéu chuin pha huy

hodc dudi dang bat bién Js,

T = 2, (2.86)

2.1.7.3. Trung binh cin ctda Wng suit trugt chinh

Céc phuong trinh (2.49), (2.51), va (2.52) cho cac Gng suat ti€p chinh, gia
tri trung binh cén cta ching la

1|(o1-0, 2+ O, ~Gg 2+ O3 ~ 04 : - 2d, (2.87)
3 2 2 2 2

2.1.8. Cac vong tron Mohr trong khong gian ing suit ba chiéu

Vong tron Mohr 1a phuong ciach do hoa cé hiéu qua dé biéu dién trang
thai Ung sudt cia mot di€m. Trong cdch biéu dién do6 hoa nay, trang
thai Gng suat cia mot diém dugc biéu dién bdi biéu do vong tron Mohr,
trong d6 hoanh d9, o, va tung do, S,, cia mdi diém trén vong tron
Mohr tuong tng sé cho thanh phan Ung sudt phdp va thanh phan tng
sudt tiép tdc dong trén mit nghiéng c6 phap tuyén xic dinh.

Doi véi trang thdi tng sudt khoi da cho cia mot diém, cdc giad tri Gng
suat chinh o1, 69, va o3 (V6i 61 > 09 > o3) phai duge tinh trudc theo cong
thic (2.34), va cac truc chinh tuong dng duge tinh theo cac cong thic
(2.40). M6i khi céc gia tri o1, 69, va o3 dude xdc dinh, mot biéu d6 vong
tron Mohr c6 thé dugc xay dung nhu duge trinh bay trong hinh 2.7.
Trong cdc hinh nay, cdc tAm cia ba vong tron Mohr Cy, C,, va C3 c6 céc
toa do tuong tng 1a [{(c,+0,),0],[1(cs+0;),0],[4(cs+0,),0]- Ba bén

kinh Ry, Ry, va R tuong tng bang 1(c,-c;),4(0;-0;),2(0;—c,). Do véi

hé truc toa do chinh, cdc (ng sudt phdp va tiép cha diém dang khdo sat
trén mat cit cé vector phap tuyén don vi n c6 thé dugc vé nhu mot diém
trong khong gian tGng suit ,-S,. Ching ta hiay khdo sat mién duong ctia
S,, nghia 13, trong mién nia trén cta khong gian Gng suat c,-S,.

Goi nj, ny, va ng 1an lugt 14 cac thanh phan ctia phap vector don vi n
trong hé truc chinh 1, 2, va 3, va o1 > o2 > o3, cdc phuong trinh (2.42) va
(2.43) cho

2
n
2, Q2 202 202 20
o, +S, = (TJ = o7N] + 05N, + o3N; (2.88)

2 2 2
G, = 6N +G,N; + o5N; (2.89)

19



Ly thuyét déo ky thuat

Déi v6i vector don vi, ta cé
n?+n3+n3 =1 (2.90)

Giai hé ba phuong trinh tir (2.88) d&n(2.90) d6i véi ba 4n n12, ng, ng, ta
dugc

2
n12:Sn+(cn—02)(cn—G3) 2.91)
(01 _62)(01 _53)
2
ngzsn+(6n—(53)(0n—61) (2.92)
(52 _53)(62 _51)
2
n§:Sn+(Gn—G1)(Gn—62) (2.93)

(03 _61)(53 _52)

Vi 67 > 63 > 03, va cdc vé trai cia cdc dang thdc tir (2.91) dén (2.93)
khoéng 4m, nén

S? + (6,-0,)(c,—05)20 (2.94)
Sz +(cn —(53)(Gn —01)£0 (2.95)
82 +(o,-0;)(c,-0,)20 (2.96)

Céc két qua trén c6 thé dugc viét lai nhu

S+ [Gn - 1(o, + o4 )]2 > %(02 -0y )2 (2.97)
S+ [Gn - (o + 63):|2 <oy —03)2 (2.98)
S+ [Gn - 1o+ 62):|2 >1(c, -0, )2 (2.99)

Céc mdi quan hé tir (2.97) dén (2.99) chi ra ring nhiing gia tri c6 thé
chdp nhén cla o, va S, nim & bén trong hay trén cdc bién cia mién
dugc gii han béi cac duong tron C;, Cy, va C3, nhu dugc biéu dién trong
hinh 2.7.

Do6i véi gid tri ¢6 dinh bat ky cda n;, khit ny va ns tif nhitng phuong
trinh (2.88) dén (2.90) cho két qua

[0, —2(c, + 03)]2 +82 =1(0, -0, ) +Nn?(0, - 0,)(0, —05) (2.100)
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Do d6, doi vé6i gia tri n; da cho, diém (c,, S,) tuong Ung v6i gid tri n;
nay niam trén cung tron C'D’ nhu duge biéu dién trén hinh 2.7. D& vé
cung nay, ta vé duong thang /; song song véi truc tung S, di qua diém
(61, 0) va dung thém dudng thidng méi hop v6i dudng thing ¢, géc o =
arccos(n;). Pudng thang nay cit cdac vong tron C, va Cs lan lugt tai C’ va
D’. Dung diém B(Gz +63),0:| lam tam, vé cung tron C'D’.

Sn A
lg ly l

A’

YALOWB A~
B’ -
O Cl ~ Cz CS

G3 ~ /\O2 G1 On

r s
\ 4

Hinh 2.7. C4c vong tron Mohr trong trudng hop ba chiéu
(V61 61 > 09 > 03).

Tuong tu, ddi v6i gia tri cd dinh cda ny, khi n; va ns ti nhitng phuong
trinh (2.88) dén (2.90) cho k&t qua

[Gn —%(01 + (-53)]2 +82 = %(01 —53)2 +n3 (02 —01)(02 —03) (2.101)

Do dé, d6i v6i gia tri ny da cho, diém (o, S,) tuong Gng véi gid tri ny
nay nim trén cung tron E’F’ nhu dugc biéu dién trén hinh 2.7. D& vé
cung nay, ta vé dudng thang /, song song véi truc tung S, di qua diém
(09, 0) va dung thém dudong thdng méi hop véi dudng thidng ¢, géc p =
arccos(ny). Pudng thang nay cit cdc vong tron C; va Cs lan lugt tai E’ va
F’. Dung diém [%(01 +03),0] lam tam, vé& cung tron E'F’.

Cubi cung, d6i v6i gia tri c¢6 dinh cia ns, khit n; va n, tit nhitng phuong
trinh (2.88) dén (2.90) cho két qua
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[0, 1(01+0,)] +8% = 1(0,~0,)" +1n2 (05~ 0;) (05— 5,) (2.102)

Do d6, doi vé6i gia tri ng da cho, diém (c,, S,) tuong Ung v6i gid tri ns
nay nim trén cung tron A’B’ nhu dugc biéu dién trén hinh 2.7. D& vé
cung nay, ta vé duong thang /s song song véi truc tung S, di qua diém
(o3, 0) va dung thém dudng thang méi hop véi duong thing /3 géc v =
arccos(ns). Pudng thang nay cit cdac vong tron C; va C, lan lugt tai B’ va
A’. Dung diém [%(01 +62),0:| lam tam, vé cung tron A’B’.

Doi véi trang thai tng suat da cho cia diém P, ta c6 thé xac dinh xéc
dinh bang phuong phap hinh hoc cdc thanh phan Gng suat phdp o, va
Uing sudt tiép S, trén mit nghiéng di qua diém nay va c6 phdp tuyén
don vi n=(n,,n,,n;). Do chi ¢6 hai trong ba dai lugng n;, ny, va n; 1la doc

lap nén ta c6 thé dung hai gia tri bat ky, thi du, n; va ns dé xac dinh
diéAl (c,, S,) tuong Gng véi hai gia tri nay. Doi v6i gia tri c¢6 dinh cua
n;, ta dung cung tron C’D’. Tuong tu, d6i véi gid tri c¢6 dinh cda ng, ta
dung cung tron A’B’, nhu dugc biéu dién trong hinh 2.7. Giao diém P’
gitta hai cung tron nay, P’, cho nhiing gia tri o, va S, tuong Gng véi céc
gid tri ny, ny, va ng da cho. Gia tri thi ba, n,, dugc dung dé kiém tra quy
trinh do cung thit ba E'F’ phai di qua diém P’.

2.1.9. Khong gian Wng suat Haigh-Westergaard

Su biéu dién trang thai tng suidt ¢ mot diém bing phuong phdp hinh
hoc nay thi rat hitu ich trong viéc nghién ciu ly thuyét déo va céc tiéu
chudn pha hdy. Do tensor (ng suit o; c¢6 sdu thanh phan doc lap, di
nhién c6 thé khdo sit nhitng thanh phin nay nhu la céc toa d6 vi tri
trong khong gian sdu chiéu. Tuy nhién, diéu nay thi qua khé dé xu ly.
Su lua chon don gidn nh4t 1a 18y ba Gng suit chinh oy, 69, o3 nhu la ba
toa do va biéu dién trang thai Gng sudt ¢ mot diém nhu 13 mot diém
trong khong gian tng sudt ba chiéu nay. Khong gian nay dudc goi la
khong gian Ung suidt Haigh-Westergaard. Trong khong gian (ng suat
chinh nay, mdi diém cé cédc toa dd o1, oo, VA o3 sé biéu dién mot trang
thai tng sudt kha di. Hai trang th4i ing sudt bat ky ¢ mot diém P khac
nhau vé cdc phuong chinh, nhung c6 cing cac gia tri ing sudt chinh sé
dugc biéu dién béi cung modt diém trong khong gian Ging suit ba chiéu.
Piéu nay ngu y riang loai biéu dién khong gian tng suit nay dugc tap
trung cht y&u vao hinh hoc clia Gng suat va khong tap trung vao huéng
clia trang thai Gng sudt doi v6i vat thé.

Khio sat dudng thdng ON di qua gbc toa do va nghiéng déu so véi ba
truc chinh, nhu dugc biéu dién trong hinh 2.8. P6i v6i mdi diém trén
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dudng thidng nay tuong Ung véi trang thai ing sudt c6 o1 = oy = o3. P6
1a trang thai Ung sudt thdy tinh hay trang thdi Gng suédt cau, trong khi
cdc Ung sudt léch, s; = (207 - o5 - 63)/3, ..., déu biang zero. Do d6, dudng
nay dugc dat tén la truc thdy tinh. Hon nita, mit phing bat ky vudng
géc v6i ON dugc goi 1a mét phang léech. Miat phang nhu thé c6 phuong
trinh

Mit phing léch

(o)
| 61 + Gy + O3 = const
P(c4, o2, 03)
arccos(1/+/3) (s1, S2, S3)
Truc thdy tinh
CH f NP, PP 61=0y=0;
0 -

O2
Hinh 2.8. Khong gian tng suat Haigh-Westergaard.
G, +6, 405 =~/3E (2.103)
& day & la khodng cach tir diém goc toa do dén mit phang duge do doc
theo phéap tuyén ON. Mit phang léch da biét di qua diém goc 0,
6,+0,+0,=0 (2.104)

dugc goi 1a mat phang .

Khao siat mot trang thai tng sudt bat ky & diém da cho vé6i cac thanh
phan ng sudt o1, 69, va os. Trang thai tng suat nay dugc biéu dién béi
diém P(ci, 04, o3) trong khong gian Gng sudt chinh trong hinh 2.8.
Vector Gng sudt OP c6 thé dugc phan tich thanh hai thanh phan, thanh
phan ON theo phuong ciia vector don vi ﬁ:(1/\/§ ,1/\/5 ,1/\/5) va thanh
phan NP vudng géc v6i ON (song song v6i mit phing =). Do dé,

ON :@-ﬁz(q,cz,cs).[%,%,%j (2.105)
|m|:%(01+02+03):%=\/§p (2.106)

Céc thanh phan cia vector NP dugc cho béi
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NP - OP — ON (2.107)
Nhung
ﬁ\l=|ﬁl|ﬁ:(p,p,p) (2.108)

Do d6, thay thé& (2.108) vao (2.107),

NP = (61,62,03) —(p,p,p) = [(01 —p),(02 - p),(cs3 —p)] (2.109)
Dung ding thic (2.55), ta rit gon (2.109) dudi dang

NP =(s,,s,,5;) (2.110)
Do d6 chiéu dai p ctia vector NP duge cho bdi

p=|NP| = (s? +s3 +s§)1/2 - J2J, (2.111)
hoac, theo déng thic (2.73),

p=NP =31, (2.112)
Do d6, céc vector ON va NP 14n lugt mo té cdc thanh phan dng suét

thiy tinh (pd;;) va cdc thanh phéan tng sudt léch (s;) cia trang théi tng
sudt (o) dugc biéu dién bdi diém P trong hinh 2.8.

Bay gio ching ta khdo sat cdc hinh chifu cia vector NP va cdc hinh
chiéu cta truc toa d6 o; trén méat phang léch nhu duge vé trong hinh 2.9.
Trong hinh nay, céc truc o, 65, va o3’ 1a cdc hinh chiéu cia céc truc oy,
s, VA o3 trén mit phing léch, va NP 1a hinh chiu cta vector NP trén
mét phing léch. Do vector don vi €, cla truc o1’ c¢6 cdc hinh chiéu trén

cac truc o1, o3, va o3 la

& - (%)(2,_1,_1) ,

trong truong hop nay hinh chi€u NQ’ cia vector NP 1én truc oy dugc cho
bédi

NP’ = pcos6=NP-&, = (s1,sz,s3)(iJ(2,—1,—1)

J6

hoac
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pCosO = i(231 —S,—S;)

(2.113)
J6
Thay s, + s3 = — s; vao (2.113), ta c6
pcosez\/gs1 (2.114)
) or
P Q
0
1 1 cosO fs
6 =—(2-1-1 pEBST=N2%
NG
2n
3 N
2n
oy 3

03,

Hinh 2.9. Hinh chiéu cia trang thai tng diém lén mét phing léch
Thay p tir (2.111) vao (2.114), ta nhan dugc
V3 s (2.115)
2 VF‘

Dung dong nhat thic lugng gidc cos30 = 4cos®0 — 3cosd va thay cosO tir
(2.115) s& dan dén két qua

= {23 v )

3\/5(

2032

cosO =

hoac

cos30 = CH s1J2)

(2.116)

Thay Js = -(s182 + S283 + 8381) vao (2.116) ta dugce
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33

_ 3, 2
cos30 = 277 [31 +87 (S, +55)+ s13233] (2.117)
Cubdi cung, thay ss + s3 = — 81 va J3 = 818083 vao (2.113), ta nhan dugc
V3 J
c0s30 = N3 d (2.118)
2 J3?

Phuong trinh (2.118) chi ra ring gi4 tri cia cos30 1a mot bat bién dugc
lién hé vé6i cdc bat bién cla tensor Ung suat léch J, va Js. Bay gio ta
thay ring mot trang thai Gng suat (o1, 69, 63) c6 thé dugc biéu dién béi
(&, p, 0), chung duge xem nhu la cac toa d0 Haigh—Westergaard. Sau nay,
trong nhitng thao luan vé chay déo va céc diéu kién ph4 huy, &, p, va 0
dugc dung nhu la nhitng thong s6 dugc cAn dén dé mod tid cdc ham chay
déo va pha hiy trong khong gian ting suat. Cdc méi quan hé gitta (o1, o9,
c3) va (&, p, 0) c6 thé duge thiét lap trong cach thic sau day.

Tir phuong trinh (2.115), ta biét

S, =%\/$cose (2.119)

Tuong tu, cdc thanh phin Gng suit léch s, va s3 ciing c6 thé thu dugc
theo géc 0. Tir hinh 2.9, nhitng thanh phan nay dugc cho bdi

s, =%\/Icos(2—;—ej (2.120)

S, =%@cos[%+ej (2.121)

Cac quan hé nay chi dugce théa chi khi géc nim trong mién gid tri (d6i
Vo1 G1 2= GCg 2= 63)

osesg (2.122)

Do cac phuong trinh (2.58), (2.103), (2.111), (2.119), (2.120), va (2.121),
ba ting suit chinh cla tensor Ung suit o; duge cho bdi
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o, p coso
G, =1p +%\/$ cos(9—2n/3)
o, P 3 cos(0+2n/3) 2.193)
€ coso '
1 g +\/§p cos(6—2r/3)
J3 3
g cos(6+2n/3)

2.1.10. Phuong trinh cian bing

Doi v6i thé tich vat lieu bat ky V va duge bao quanh béi dién tich S, nhu
dugc chi ra trong hinh 2.10, ta c6 phuong trinh can bing sau:

ﬁdS+deV:o (2.124)

Thay th& T tif (2.18), phuong trinh (2.124) ¢6 thé dugc viét nhu

[onds+[Fdv=0 (2.125)
s Vv

Dung dinh 1y divergence
[unas=[u,av (2.126)
s Vv

Phuong trinh (2.125) c6 thé dugc biéu dién nhu
[(oy; +F)av=0 (2.127)
v

Vi thé tich V 14 bat k¥, nén
oy +F =0 (2.128)
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Phuong trinh (2.128) cé thé dugc khai trién theo cdc ky hiéu chi sé (x, y,
z)

ot
Co +— +%+F =0

x oy oz

o, oo, or,
Ty Oy Tz E g (2.129)
x oy oz Y
ot
T +—= +—acZ +F, =0
x oy oz

2.2. Tiéu chuin chay doc lap véi éng suat thiy tinh
2.2.1. Cac khao sat tong quat

Tiéu chuidn chdy dinh nghia cédc giéi han dan hoéi cta vat liéu duéi céc
trang thdi Gng suat phic hgp. Nhu ching ta biét, giéi han dan hdi trong
thi nghiém kéo don truc la Gng sudt chdy oy, trong lic trong thi nghiém
truot thuan tdy, 1a Gng suat ti€p chay 1o. Téng quéat, giéi han dan hoi
hodc Gng sudt chdy 1a mot ham cda trang thdi Ung sudt, c;;. Do d6, diéu
kién chay c6 thé dugc biéu dién tong quat nhu

f(G-

ij?

Kpkp,..) =0 (2.130)

¢ day ki, ko, ... 12 nhitng hing s6 vat liéu giong nhu o, va 1,, ching
dugc xac dinh tu thi nghiém.

P6i v6i nhitng vat liéu ddng huéng, phuong cia cac ing suat chinh thi
khong phu thudc vao vat liéu, va nhitng gid tri cia cdc Gng suat chinh
di dé md ta trang thai ng sudt duy nhat. Do d6 mot tiéu chudn chiy cé
dang quan hé nhu sau

f(o1,6,,05,K,K,...) =0 (2.131)

Ching ta da biét rang ba tng suit chinh o;, cs, va o3 c6 thé dugc biéu
dién duéi dang céc t6 hop cia ba bat bién tng suat Iy, J; va Js, 6 day I;
la b&t bién thi ndht cha tensor Gng sudt o;; va Jp va J3 la cdc bat bién
thd hai va thd ba cia tensor Gng sudt léch s; Do d6, phuong trinh
(2.131) c6 thé dugc thay thé béi

f(l,dz,d5.K1,K,,...) =0 (2.132)
Hon nifa, ba bat bién chinh nay dugc lién hé truc ti€p vé6i cac toa dd &,
p, 0 trong khong gian Gng sudt [xem phuong trinh (2.123)]. Do d6,
phuong trinh (2.132) ciing c¢6 thé dugc viét nhu
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f(&p,6,k;,Ky,...) =0 (2.133)

Céc tiéu chudn chdy cta céc loai vat liéu nén dugc xac dinh bing thuc
nghiém. Mot su kién thi nghiém quan trong d6i vé6i cic kim loai, duge
chi ra béi Bridgman va nhiing nguoi khdc [xem Hill (1950)], 1a anh
hudng ctia ing sudt thiy tinh dén chay déo la khong ddng ké. Su khong
c6 anh huéng clia Gng suat thiy tinh c6 nghia 14 ham chdy déo c6 thé
dugc rat gon dén dang

f(JyJd5.Kp,Kp,...) =0 (2.134)

Hinh 2.11. Quy dao chay trén mat phing o;-0, dugce tao tir
diém khdo sat A;.

Mot duong cong Ung sudt-bién dang trong kéo don truc, tu né, khong
cung cAp mot thong tin ndo vé Gng xi du6i trang thai dng sudt phic
hop. C4c thi nghiém ng suat phtc hgp, tuong tu véi kéo don truc, dugc
cho 14 nhitng thi nghiém ty 1é. Trong nhitng thi nghiém nay, tat cd Ung
suat dugc gia ting mot cach ty 1é. Thi du, trong mot trang thai tng suit
song truc, 6; va oy duge gia ting sao cho duy tri ty s6 ci/cs 12 hiang. Cé
vé nhu ching ta sé can biéu dién mot s6 thi nghiém dé xay dung bé mét
(quy tich) chdy déo. Tuy nhién, ching ta sé& chi ra rang mot diém trén
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bé mait chdy c6 thé dua dén su gia ting mudi hai diém (hinh 2.11) néu
vat liéu thudc loai: (1) 1a ddng hudng, (2) 1a doc lap véi Ung sudt thay
tinh, va (3) c6 nhiing Gng sudt chidy bang nhau trong kéo va nén.

Bay gio gia st rang vat liéu chdy déo & trang thai tGng suit (3o, o, 0).
Piém A,(36, o, 0) trong hinh 2.11 nam trén bé mit chdy va trén mit
phéng toa do o;-0,. Néu vat liéu 1a ding huéng, ta nén gan lai tén cho
cdc truc theo cich khac.. Do d6 ta két luan ring diém Ay(c, 3o, 0) ciing
nam trén bé méit chdy. Hon nita, néu ddp Ung clia vat liéu tuong tu véi
kéo va nén, cac diém As(-3c, -c, 0) va Ay(-c, -30, 0) cling s& nim trén bé
mat chdy. Bay gio khdo sat A; va A, hodc As va Ay, ta thay rang ching
la cac anh doi xing guong qua dudng thing aa’ chia doi géc phan tu tha
nhat trén mat phang toa d6 o1-c.. Tuong tu, A; va A, hodac A, va Az la
doi xting nhau qua dudng thang bb’ vuong géc véi dudng thang aa’. Do
d6, c6 hai truc d6i xting cho quy dao chay.

Ngoai ra, néu ng suat thiy tinh khong dnh huéng dén chay déo, ta cé
thé cong thém mot trang thai Gng suit thdy tinh, goi 1a (h, h, h), vao
trang thdi tng sudt chiy dé tao ra mot diém chay khac. Thi du, néu mot
ap luc thay tinh (-3, -30, -30) dugc cong thém vao diém Gng suit chay
(30, o, 0), thi trang thai tng suit (0, -25, -36) 14 mot diém chay khac.
Bay gio, ta thay déi cac toa do clia né dén mic mot diém chay Bi(-20, -
30, 0) thu dugc trén mit phing toa do oi-0,. Tuong tu, ta c6 thé nhan
dugc diém chdy méi khac C1(20, -0, 0) trén mat phang toa do o;-o, bing
cach thém (-o, -0, -6) vao (35, o, 0) va thay ddi c4dc toa do mot cach
tuong ting. Cudi cung, do tinh do6i xing, cdc diém B; va C;, nhu diém A,
c6 thé sinh ra bén diém B;, By, B3, By, va Cy, Cy, Cs, C4, mot céch tuong
Uing nam trén quy dao chay déo. Bay giv, ta da tao ra mot tdp hop mudi
hai diém chay trén mit phing toa do oi-o, tif mot diém khao sat. No&i
c4ac diém chdy nay theo mot duong cong tron, ta sé dung ra mot quy dao
chdy nhu dugc vé trong hinh 2.11. Chd ¥ réng quy dao nay dugc tao tir
chi mot diém khdo sat, né c6 thé dugc xem nhu mot su xap xi cia ham
chiy trong trang thai Gng suit song truc cia vat liéu dang huéng, véi su
ddp dng tuong tu nhu kéo va nén, va dp luc thay tinh khong c6 anh
hudng dén chay déo.

Ching ta da ban luan dén miic dang t6ng quat va vai nét dic trung cia
ham chdy. C4dc tiéu chudn chdy rat hitu dung cla Tresca va von Mises
cho céc kim loai sé dugc nghién ciiu trong nhitng phan tiép theo.

2.2.2. Tiéu chuin chay Tresca
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Vé mat lich st, tiéu chudn chdy dau tién cho trang th&i Gng suat phic
hgp clia kim loai da duge dé nghi vao nam 1864 bdi Tresca, 6ng 4y da
dé xuat rang chay déo sé xay ra khi tng suat trugt cuc dai cia diém dat
dén gia tri giéi han k. Phat biéu tiéu chuidn nay theo cdc tng suit chinh
(xem muc 2.1.4), mdt ndia gid tri tuyét déi 16n nhat cha cac hiéu gidia céc
cip tng suit chinh phai biang k lic chay déo, nghia la

Max($]o; ~ 05|, 3|0, — 03,305 —oyf) =k (2.135)

¢ day hing s6 vat liéu k c6 thé xac dinh tir thi nghiém kéo don truc.
Thé thi

k=— (2.136)

trong dé6 oy la Gng sudt chdy trong thi nghiém kéo don truc,

C6 sau biéu thitc khic nhau trong nhitng mién khac nhau ctia mat phing
61-G9, phu thudc vao cic do 16n tuong doi va céc dau clda o; va oy (xem
hinh 2.12). Trong géc phan tu thit nhat, giita truc o; va dudng phan gidc
cia hai truc, theo quy uéc thi tu clia cdc ing suit chinh ta c6

=%

T
max
2

Do d6, tiéu chudn chay tré thanh o; = o, va tao ra duong thang AB.
Trong cling géc phan tu thit nhat nay, gitta dudng phan gidc ctia hai truc
va truc oy, ta cé

_%

T
max
2

va tiéu chudn chay oy = o, dugec md ta bsi dudng thing BC. Trong géc
phan tu thd hai, ta c6
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| 2
C(0,00) B(c0,00)
Luc giac Tresca
D _O1
A(c),0)
von Mises Ellipse
E F

Hinh 2.12. C4c tiéu chudn chay phu hgp trong kéo
trén méit phing toa do o3 = 0.
Oy — G4
Ty =———
max 2
Do dé, tiéu chudn chay tré thanh o, — o1 = op, va ta thu duong thing
CD. Bing céc thu tuc tuong tu cho cac géc phan tu thd ba va thit tu, ta

c6 thé tim ra rang quy dao chdy cho ung sudt phang la luc gidc
ABCDEF nhu dugc vé trong hinh 2.12.

Dé biéu dién bé miat chdy trong khong gian (ng sudt chinh, phuong
trinh (2.123) dugc dung & day cho cac Gng suat chinh. Gid st thd tu cha
cdc tng sudt chinh 1a 6; > 63 > o3, ta ¢6 thé viét lai phuong trinh (2.135)
duéi dang

1 1 2 o
5(01—03)=ﬁ\/$[cose—cos(e+§nﬂ=k (0<6<60°) (2.137)

Khai trién phuong trinh nay va chd y phuon trinh (2.136), ta thu dugc
tiéu chudn chay Tresca theo cic bat bién Gng suit,

£(J,,0) :2\/Isin(9+%nj—co =0 (0<0<60°) (2.138)
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hodc theo cac bién &, p, 6,
f(p,@)z@psin(9+%nj—% =0 (2.139)

b

Bién ngoai

Pudng tron von Mises Jy = k>

Bién trong Jy° — 2.25J4% = k®

B

Luc giac Tresca

D
Hinh 2.13. C4c tiéu chudn chay trén méit phing léch n.

Do ap luc thiy tinh khéong 4nh huéng dén bé mait chdy, phuong trinh
(2.138) hoic (2.139) phai doc lap vé6i tng sudt thiay tinh I; hay &, né mo
td mot mat tru cé truc song song véi truc thiy tinh. Trén méat phang
léch, phuong trinh (2.138) ho#c (2.139) biéu dién mot dudng thing di
qua diém A (v6i 6 = 0, va p=./2/35,) va diém B (véi 6 = 60°, va
p=4/2/3c,), nhu dugc bi€u dién trong hinh 2.13. Pay la mot sector cla
quy dao chady trén mat phing léch. Tuong tu, ta c6 nam dudng thang
trong nam sector con lai clia quy dao chidy trén méat phing léch, va thu
duge mot luc gide déu ABCDEF. Bay gio ching ta c6 thé thidy ring bé
mit chdy 12 mot lang tru luc gidc déu trong khong gian tGng suat chinh,
nhu dugc vé trong hinh 2.14. Qu§ dao chdy d6i v6i trang thai tng suit
song truc (trang thai tng sudt phing) dugc biéu dién trong hinh 2.12 la
giao tuyén cia mat tru véi méit phang toa do o3 = 0.

Do vat liéu ddng huéng, nghia 1a khong can vé bé mat chay trong khong
gian Ung sudt téng qudt (o;). Tuy nhién, vai giao tuyén giia cdc mit
phing dic biét véi mat chdy trong khong gian dGng suat tdng quat co
tdm quan trong ddng k&, thi du, giao tuyén véi mit phing c,-1,. Giao
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tuyén nay la quy dao chay d6i v6i Gng sudt phap va tiép két hgp (hinh
2.15), n6 1la mot ellipse

of + 41, = oy (2.140)
Bé mit chdy von Mises

o3 \ Truc thuy tinh

Bé mat chay Tresca

Mat phéng

o1
Hinh 2.14. C4c bé mit chdy trong khong gian tng sudt chinh.

Can chi cha ¥ ring dang bat bién ctia (2.137) ciing ¢6 thé dugc biéu dién
md cdch rd rang theo cac bat bién J, va J; nhu

f(Jpodg) = 4J5 — 2705 — 36KJ5 +96k*J, —64k°® =0 (2.141)
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A Txy/C0

von Mises ellipse (2.147)
0,577 / Tresca ellipse (2.140)
0,5

1 ox/og

Hinh 2.15. Giao tuyén gitta mit phéng c,-1,, v6i mit chay.

2.2.3. Tiéu chuin chay von Mises

Mic du tiéu chudn ng suat tiép cuc dai 1a don gidn, né khong phan anh
anh huéng cta tng suat chinh tha hai. Ung sudt ti€p bat dién hoidc nang
lugng bién d6i hinh ddng 1a mot su lua chon thich hgp khéc d6i véi tng
suat tiép cuc dai nhu 14 bién chinh lam chay déo loai vat liéu doc 1ap véi
ting sudt thdy tinh. Tiéu chudn von Mises, dugc dé nghi tir 1913, dugc
dua trén su luc chon nay. Tiéu chudn nay phét biéu ring chdy déo sé
bat dau khi tng sudt tiép bat dién dat dén gia tri gidi han k. Tir dang
thite (2.73), tiéu chudn nay cé dang

To =125 = 2K (2.142)
né dugc rat gon vé dang don gidn

f(J,)=J,-k*=0 (2.143)
hoé#c duge trinh bay theo cac ting suat chinh,

(61 —02)2 +(62 —03)2 +(63 —01)2 = 6k? (2.144)

¢ day k 1a dng sudt chdy trong truot thuan tiy. Chay déo sé xay ra
trong kéo don truc khi 6; = oy, 02 = 63 = 0. Thay céac gia tri nay vao
(2.144), ta tim dugc

k= (2.145)

s
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Nhu da ban luan truéc day do6i véi vat liéu doc lap véi Gng sudt thiy
tinh, tiéu chudn chay cho vat liéu ding huéng phai c6 dang tdng quat
cia phuong trinh (2.134). Dang toan don gian nhat tuong thich véi yéu
cau nay la phuong trinh (2.143). Phuong trinh nay mé ta hinh tru tron
ma giao tuyén clia né véi mat phang léch n 1a dudng tron cé ban kinh

p=+2k.

Chid y ring hing s6 k, trong cd hai phuong trinh (2.143) do6i vé6i tiéu
chuin von Mises va (2.135) d6i vé6i tiéu chudn Tresca, 1a tng suit chay
trong trugt thuan tiy. Tuy nhién, nhitng méi quan hé giita Gng suat chay
trong kéo don truc, oo, va thong s6 k dugc xac dinh béi (2.136) cda tiéu
chudn Tresca va bdi (2.145) cta tiéu chudn von Mises 1a khdac nhau. Néu
hai tiéu chudn dugc lam cho phu hgp véi tng suat chdy kéo don truc o,
hé s6 cha tng sudt chdy trong trugt, k, gitta tiéu chudn von Mises va
Tresca 1a 2/\3 =115, va vé d6 thi, dudng tron von Mises s& ngoai ti&p vdi
luc gidc Tresca nhu duge vé trong hinh 2.13. Tuy nhién, néu hai tiéu
chuin dugc lam cho phi hgp véi trudng hop trugt thuan tiy (cung gia tri
k), vong tron sé noi tiép luc giac.

Tiéu chuidn von Mises doi v6i trang thai Ung sudt song truc (Ging suit
phéng) dugc mo ta béi giao tuyén cia hinh tru tron véi mat phang toa
d6 o3 = 0, nghia la,

o +05—00, = Gg (2.146)

Pay 1a mot ellipse va né duge biéu dién trong hinh 2.12. Giao tuyén cta
bé mit chdy von Mises trong khong gian ting sudt téng quat véi mit
phang c,-1,, cling 12 mdt ellipse, phuong trinh clia né c6 dang

s +315, = oy (2.147)

nhu dugc biéu dién trong hinh 2.15.
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