Chuong 2. Bai toan déi xdng truc

1. Cho mot tdm tron, day déu § = 2¢, ban kinh R = a va dudc lién két goi xung
quanh bién tron nhu hinh vé. TAm chiu tac dong cla ap luc déu q vudng goc
vG3i mat trén clia tam.
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Hay xac dinh cac thanh phéan (ing suat cla cac diém trong tam.

2. Xac dinh qui luat phan bd cla cac thanh phan Ung suit trong dia tron, day
déu & = 2c, ban kinh R = a, dugc lam bang vat liéu cé khai lugng riéng p va
quay déu véi van toc géc o.

3. X&c dinh su phan bé (ing sudt quanh mdt 16 hdng hinh cau, ban kinh a tai
trung tdm bén trong mot thanh chiu kéo déu & hai dau (xem hinh).
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LJi giai.
1.

# Trudng hop chon ham Ging suét cé dang da thic bac ba bang cach t6 hgp
tuyén tinh hai nghiém riéng @, va @] tu (2.29) va (2.30):

® = a, (223 = 3r22)+ b, (23 + r22) (1.a)
Thay (1.a) vao (2.18), ta thu dugc:
o, =—12a5+(14-10v)bg;1,, =0

(1.b)

Céc biéu thic (1.b) chiing té trudng tng suat trong tAm 1a trudng Ging suét
doéng nhat. Bang su hiéu chinh thich hgp cac hang sé a; va bs, 1Gi gidi (1.b)
mé ta trudng Ung suét trong mot tAm chiu cac hang s6 (ing suét o, va o, §
bé mat tam.

& Trudng hgp chon ham (ing sudt c6 dang da thic bac bén bang cach t6 hgp
tuyé€n tinh hai nghiém riéng @, va cI); tl (2.29) va (2.30):

®=a, (824 —24rz% ¢ 3r4)+ b, (224 +1%2% - r4) (1.c)

Thay (1.c) vao (2.18), ta thu dugc:
o, =96a,z+4b, (14v-1)z

o, =-192a,z+4b, (16 - 14v)z; (1.d)
T, = 96a,r—2b, (16 —14v)r

Virt, =0 Vr, nén:

96a, —2b, (16-14v) =0

Do do:

6,=1,=0; o, =28(1+v)b,z (1.e)

L&i giai (1.e) biu di&n sy uén déu cla tdm bdi moment phan bd déu doc
theo bién tron.

® Pé co I5i giai cho tdm chiu tac déng cla ap luc déu q vudng géc véi mat
trén cla tdm, ta chon ham Ging suat c6 dang da thiic bac sau:
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1 6 4 2.4 6
®_§a6(162 ~120z%, + 90z%r* — 5¢ )+ (1.9

+bg (82° ~162°r* - 212°r* + 3r° )
Thay (1.f) vao (2.18), ta thu dudgc:
o, = a5 (3202° - 720r°z ) +

+bg {64(2+11v)2° +[504 - 48(22v)]r’z};
a6( ~640z° + 960r z)

+bg {[-960+32(22)(2-v)]2° +[384 - 48(22)(2-v) |r’z};

= a5 (960r2° - 240r° ) +

+bg {[-672+48(22)v]rz® +[432-12(22)v |r®}
Thém vao cac thanh phan ng sult trén cac tng sult dugc rut ra ti (1.d)
bang cach ldy b, = O: o, =96a,z; o,=-192a,z; 1, =96a,r va cac
Ging suat dugc rut ra tu (b) ctia trudng hgp kéo déu theo hudng z: c, =b.
Do d6 ta thu dugc nhiing biéu thiic tinh cac thanh phan (ing suét chia bén
h&ng s6 as, bs, as, b. Cac hang sé nay cé thé dugc diéu chinh sao cho thda
man cac diéu kién bién & mat trén va mat dudi ctia tdm. Nhiing diéu kién
bién bao gom:
c,=0 taiz=c¢; o,=-q taiz=-c;
1,=0 taiz=c;, 1,=0 taiz=-c

(1.9)

VGi g la cudng do cla tai phan bd va 2c la chiéu day cGa tdm. Bén hang sé
as, bs, a4, b s& dudc xac dinh ti bon diéu kién bién (1.g) va cac thanh phan
ting suét thda céac diéu kién bién (1.9):

q{2+v z> 3(8+v)r’z 3 z]

T T 8 32 & 8c
z° L8z 1] (1.h)
o, =q| - +==——;
2= 4c® 4c¢c 2
3qr( _» 2
T, = 803(c z)
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Ta c6 thé nhan thdy réng hai thanh phan Ung sult o, va t,, dugc phan bé
tuong tu nhu trudng hgp dam co ti€t dién hinh chii nhat hep chiu tai déu.
Thanh phan Gng suédt o, dugc biéu dién bdi ham 1& cla bién z, va & bién
tron clia tdm chung biéu thi moment uén phan b6 déu doc theo bién nay.

Pé tim I5i giai cho tdm c6 lién k&t gdi xung quanh bién tron, ta chéng chap
mot Ung sudt udn thuan (1.e) va hiéu chinh hang sé b, sao cho moment uén
& bién bang khong:

C
jcrzdz=0
—C
Biéu thiic cudi cung cla o, ¢6 dang:
2+vz® 3(3+v)r’z 32+vz 3(3+v)a’z (1.i)
r =G 3 3 @ P 3 '
8 ¢ 32 ¢ 8 5 ¢ 32 C

va G tdm cla tadm ta cé:
3 3(3+v)a? -
(6.), - = 2+v23_§2+v5+ ( V)a3z (1)
r=0 8 ¢ 8 5 ¢ 32 c

Ly thuyé&t co s cha tdm chiu uén, dua trén cac gia dinh rang cac phan té
thang clia tdm vudng goéc vdéi mat phing trung hoa (z = 0) van thang va
vudng géc vdéi mat phadng udn clia tdm trong sudt qua trinh uén, tim dugc
(ing suat hudng kinh & tam dia:

3(3+v)a?
G, = ( )azq (1.k)

32 c3

So sanh (1.k) véi (1.j), ta thdy rang hai s6 hang dau trong két qua chinh xac
(1.j) 6 tri s& nho néu chiéu day 2c nhdé so véi ban kinh a.

Nén chl y rang bang cach dat chéng thém tac dong udn thuan tay ta loai
trii moment uén doc theo bién tron clia tdm; nhung cé thanh phan ng suat
huéng kinh & bién:

(6,), . - 2+vz® 32+vz (1)
r'’r=a 8 C

8 ¢° 5

Hgp clia Ging sudt nay trén mot don vi chiéu dai clia bién tron va moment
clia chung déu bang khong. Do dé, dua trén cd s& cla nguyén ly Saint-
Venant, ta c6 thé noi rang viéc bd qua thanh phan ing suat nay sé khéng cé
&nh hudng dang k& dén su phan b6 Ging suat & xa mép cla tam.
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Bang cach chon ham Ung suét 14 cac da thiic bac cao hon sau, ta cé thé
kham pha thém nhiing trudng hgp ubn cla tadm tron chiu tai phan bd khéng
déu. Tat ca nhiing I8i giai trén chi thda khi dd vong clia tAm nho so vdi chiéu
day. Bé&i véi cac trudng hop dod véng Ién, su cang clia mat phang trung hoa
tdm phai dugc khao sat dén.

Bai toan da cho cé tinh d6i xiing truc vi:

# Hinh hoc k&t cdu doi xting quanh truc quay.

® Vat liéu két cau doi xiing quanh truc quay.

@ Tai tac dong (luc quan tinh ly tam - lyc thé tich) d&i xiing quanh truc quay.
Do dé trudng Ging suit can tim trong dia tron sé c6 tinh doi xéing quanh truc
quay.

Céc thanh phan luc thé tich :

X = po’X ; Y = po?y ; Z=0 (2.a)

Thém thanh phan cla lyc quén tinh ly tdm vao phuong trinh vi phan cén
bang (2.11) ta sé ¢6 :

0 0 6, — O
;r+ gzr+ 9 4 pw?r=0
r z r 2.b)
ot,, N oo, Lz g
or 0z r
V@i p la khéi lugng riéng va o la van téc goc quay cla dia.
Cac phudng trinh tucng thich:
1 0% 2 2p0?
Vi, + L2 2 (5, —cy)= 22
1+v or r 1-v
1 106 2 2p0? (2.c)
Vs, + ——+—(o0,—0y)=-
" Mt+vror r2( r~ %) 1-v
1 8% 2vpo?
Vo, + 00 _2vo
1+v oz 1-v
1 2
VZTZI’ + a ° - TZZF = O
1+voroz v
Nghiém riéng clia hé phudng trinh can bang (2.b):
6, =Br?+Dz?, o,=Ar?% o,=Cr®+Dz% 1,=0 (2.d)
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Nghiém nay thda phudng trinh can bang thi hai clia (2.b) va phudng trinh
th tu cha (2.c). B6n hang s A, B, C, D dudc xac dinh sao cho thda phuong
trinh can bang th nhat cla (2.b) va ba phudng trinh dau cla (2.c):

A:pm2(1+3v); B:—ﬁ;
6v 3
C-o D:_p®2(1+2v)(1+v)
’ 6v(1—v)

Cac thanh phan Ging suat cé dang:

pcoz 5 pw2(1+2v)(1+v) 5

Gr:_Tr - 6v(1—v) ‘
(2.e)
2
5, = pw® (1+3V)r2; t =0
6v
oy = pco2 (1+2v)(1+v)22
6v(1-v)

Trong trudng hgp dia tron c6 chiéu day déu, ta dat chong 1én I5i giai (2.e)
mot trudng (ng sudt nhan dugc ti mdt ham Gng sult co6 dang da thic bac
ndm b&ng cach t6 hgp hai nghiém riéng bac nam cda hai ho nghiém (2.29)
va (2.30):

© = a5 (82° - 40r°2° + 15r'z) + by (22° —1°2° - 3r'z (2.f)
TU bén hé thic (2.18), ta tim dudc:

o, = —a5(180r* —2402° ) + b | (36— 54v)r® + 6(1+18v)2° |;

6, = a5 (-240r? +4802° ) + b5 [ (-102+ 54v)r? + (96 -108v)2* |;  Z9)
Gy = 85 (~60r° +2402% )+ bg | (12— 54v)r® + (6+108v)2° |;

T, = 4802z - bs (96 —108v)rz

Chéng chap céac thanh phan (ing suat nay vao (2.e) va xac dinh cac hang sé
as va bs sao cho hai thanh phan (ng suat t,, va o, triét tiéu, ta co:
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’ (2.h)

» (1+—3v)r2}

2(1_3) 8

Doc theo bién tron cla dia khéng co luc nén, do dé diéu kién bién tinh hoc &
bién tron:

C .
J. c,dz =0 (2.1)

—C

r=a
pé (2.i) thda, ta dat chéng 1én (2.h) ap luc kéo déu theo phuong huéng kinh
c6 do I6n:
2 2
v(l+v
&(3 + v)a2 + po? MC—
8 2(1-v) 3

Cudi cling ta co:

o, = po? {3—( L) X0) 322)}

8 6(1—\/)
(2.j)
Gy = pO° 3ﬁaz—1+3Vr2+V(1+V)(02—322) ;
8 8 6(1-v)
=0, 1,=0

Su phan bé ng suét trong dia tron xoay cé dang mét ellipsoid det tron xoay.

P&i vSi thanh chiu kéo dan véi tai phan bé bé mat S & hai dau, cac thanh
phéan (ing sudt phap va tiép tac ddng I&én mat ciu cla 16 trong thanh c6 thé
xac dinh theo diéu kién can bang:

on = 0, 8in y + 6, cos® y + 21, siny cosy = Scos® y ; (3.a)

Tp, = (0, —0,)sinycosy -1, (sin2 vy — cos? \p) = -Ssinycosy

Céc thanh phan Ging suat cia mét diém trong thanh dudc tao ra bdi mét luc
kéo & dau thanh sé dudc xac dinh bdi cac hé thiic (2.36) va (2.37). Tudng tu,
cac thanh phan ung suét cia mot diém trong thanh dugc tao ra bdi mét luc
kéo & dau thanh con lai sé dugc xac dinh bang céch thay thé cac sé hang
f(r,z) trong (2.36) bdi —[f + (of/0z)d].
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Chéng chap hai trudng Ung sult nay, ta cé cac thanh phan (ing suat cla
mét diém trong thanh dugc tao ra bdi hai luc kéo & hai dau thanh:

o, = Al (1—2\/)Z(r2 +22)_2 —3r22(r2 +22)g];

0z
P 3
_ 2 2\ 5.
Gy ——A§(1—2v)z(r +2 ) 2;
d I 3 )
_ 2 2 3(,2 2 :
GZ—AE (1—2v)z(r +2 ) 2+3z (r +2 ) 2],
B i 3 )
A9 2 2 2(.2 2
T, = 82_(1 2v)r(r +2 ) 2 +3rz (r +z ) 2] b)
Thay (3.b) vao (8.a) va dung quan hé hinh hoc:
1 1
(w2, 2\ T _ (2,22 _%
Sln\p—r(r +Z ) == Cosw—z(r +z ) =7
ta thu dugc:
2(1+v)A _ 2(2-v
Cq _(R—S){smz\w((”—v))coszw}; (3.c)
2(1+V)A _
Thy =—?smwcosw

Trudng Ung sudt (3.c) ddi xing véi truc z va véi mat phang toa dd vudng géc
véi truc z.

Bay giG ta xét trudng hgp tai géc toa dé c6 ba hé thdong cap luc ciing dudng
tac dung, cung tri s6 va ngugc chiéu: mot cap tac doéng doc truc z, mot cap
tac déng doc truc r va mét cap tac dong doc truc vudng goc vGi mat phéng
rz. Do tinh ddi xting da dé cap & trén, trudng Ging suéat thu dugc lic nay sé
déi xtiing quanh géc toa do.

Néu ta khao sat hinh cau véi tam & goc toa do, chi c6 duy nhat mét thanh
phan Ung suat phap phan bo déu tac déng I1én mat cau. PO I16n cla thanh
phéan (ing sudt nay cé thé dudc xac dinh bdi hé thiic dau cla (3.c). Xét diém
trén dudng tron trong mét phang rz, hé thic dau cla (3.c) biéu thi mot phan
clia Uing sut phap nay do cép luc doc truc z tao ra. Bang cach hoan vi siny
va cosy, ta thu dugc phan ng sult phap do cap luc doc truc r gay ra. Phan
ing suat phap do cap luc tdc dong doc truc vudng goc véi mat phang rz sé
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nhan dugdc bang cach thay y = n/2. Dung phuong phap cdng tac dung, ta xac

dinh dugc ting suat phap tac dong lén mat cau:

4(1— 2V)A (3.d)
RS

Khi 16 héng cé ban kinh a nhd, ta phai dat chéng 1én tai kéo don mot trudng

Ging suét véi cac thanh phan Ung suét bang tri s6 va ngudgc ddu vdi (3.a) va

chung triét tiéu & vo cung.

GR:_

S0 dung cac thanh phan Ging suat (3.c) do cap luc doc truc z tao ra va Gng
suat (3.d), ta nhan dugc cac thanh phan (ing suét tac dong trén mat cau ban
kinh a:

__2(+v)A] 5oy, ],
Or =TT 5 BT (3.e)
, 2(1+V)A i
TR\V =—a—3$|n\|ICOS\|!
" B " 3.f
R :a_s’ TRy =0 (30

vGi A va B la cac hang sé sé dudgc hiéu chinh sau. Ta nhan thdy rang, két
hgp cac tng suat (3.e) va (3.f), cac thanh phan Ging suéat (3.a) do kéo khong
thé tao ra sy triét tieu. Do dé, mot trudng Ging suét bé sung la can thiét.

Ta chon ham Ung sudt bé sung theo (2.31):
O = Cz(r +Z ) :

Theo (2.18), cac thanh phan (ing suat dugc xac dinh:

r

( —4 + 355sin? y COS \p)

Z

3C
_5
—(;'(3 —30cos? y + 35cos* \y);

= 3—5(1 5cos? \|/);

T, = 1R—5C(_3 siny cosy + 7 siny cos® \p)

Thay (3.g) vao (3.a) ta c6 cac thanh phan (ing suéat tdc dong trén mat cau
ban kinh a:

" :E(—1+30082 \If); TRy = ﬁsinwcosw (3:h)

a® a

OR
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T8 hop (3.e), (3.f) va (3.h) ta co:
B 12C 36C

A 2 2
oR = -2(5-v)—&cos“y+——-——+ cos® vy ;
R 3 ( )as 2 as 25 (3-k)
2(1+V)A _ _
Try =—— 3 —Sinycosy + siny cos vy
a

P&t chéng cac ung suét nay 1én (3.a), bé mat cau cla 16 sé dudc tu do néu
chung thoa cac diéu kién:

2(1+v)A+ B 12C

—— — 0’
as a® a° (3.1)
A 36C
-2(5-v)—+ = -S§;
(5-v) 55+
2(1 A
2 +3v) +2450 _s
a a
Giai hé phuaong trinh (3.1), ta dugc:
A 56 . B _S(1-5v) ¢ _ s (3.m)
3

as B 2(7-—5v)’ a -~ 7-5y ' a® - 2(7——5V)

Ung suat hoan chinh tadc dong 8 mot diém trong thanh bay gid thu dugc bing
cach cong tac dung lén ap luc kéo dan S cac thanh phan (ing suat dugc cho
b3i cac hé thiic (3.g), cac thanh phan Gng suat (3.b) do cap luc, cac thanh
phan Ging suit do tdm ap luc dugc cho bdi cac hé thic (3.f) va thanh phan
(ing suét phap theo phuong tiép tuyén thu dudc ti phuong trinh can bang:
o =30 R o (3.n)
dR 2
Thi du, x&c dinh cac (ing suat tac dong Ién mat phang z = 0. Do diéu kién
ddi xiing, cac thanh phan ting suat tiép s& khong ton tai trén mat phang nay.
Tu (3.9), thay y =n/2va R =, ta co:
, 9C 9Sa® (3.0)
6z =75 7 5
P 2(7-5v)r
Tu (3.b), khi z = 0, ta c6:
»_A(1-2v) 5(1-2v)Sa° (3.p)
%z = 3 3
r (7 5v)

Tu (3.n), ta co:



Chuong 2. Bai toan déi xdng truc

B S(1-5v)a® (3.9)
3

c, :(Gt)zzo :_2r3 :_2(7—5\/) ]

Ung suét téng trén mat phang z = 0:

. 3 . 3 5
GZ:GZ,—FGZ”-}-GZ”’—I—S:S 1+ 4-5v a 4 -5y a_3+ 9 a (3r)

2(7—5v)r_3+2(7—5v) P 2(7-5v) "
Tair=a,taco:
( ) _ 27 —15v (3.s)
2/max  2(7 -5v)
Lay v = 0,3, ta thu dudgc :
45
(Gz )max _Mg (3.1)

22
Ung sudt cuc dai nay 16n hon hai 1an so véi tai kéo phan bd déu S tac dong
lén hai dau thanh. Sy gia ting (ing sudt nay goi la tap trung Gng suat. Khi r
tang Gng sudt (3.r) ti€n nhanh dén gia tri S. Thi duy, tai r = 2a, v = 0,3, ta c6
o, = 1,0548S.
Tuong tuy, tai cac diém trén mat phéng z =0, ta cé:

_3C A(1-2v) B

(Ge )Z:O r5 r3 2I’3

Thay cac gia tri A, B, C tu (8.m) va Iy r = a, ta thu dudc Uing suat kéo doc
theo xich dao (y = n/2) cta 16:
(04) (15v-3)
c ="z
OJz=0r=a =~ 2(7 - 5v)

3 cuc clia 16 (y = 0 hoac y = n/2), ta co:
2(1—2v)A_120_ B  3+15v S (3.u)

Gr:Ge: =

a® a® 2a® 2(7-5v)

Do dd, khi kéo thanh theo chiéu doc sé tao ra nén tai diém cuc nay.

KE&t hgp tai kéo S theo mdt phuong véi tai nén S theo phucng vudng goc, ta
c6 thé thu dudc 1i gidi cho sy phan b6 Gng sudt quanh 16 héng hinh cau
trong trudng hgp trugt thuan tay. Ung suét ti€p cuc dai trong trudng hop
nay :

_15(1-v) ¢ (3.v)

T =
max 7 _ 5V
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