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Chuong 5. Tinh toan hé thanh

Tinh toan hé thanh

thich cting khong niim ngoai cdc bude di chung dé néi. Van dé con lai la tay thude
dac tinh cda ting loai bai todn ma dp dung. Trudc hét can thay ring bai todn hé
thanh thudc loai bai todn moét chidu khi ma cde thanh phan chuyén vi clia cdc phan
td chi-la ham cuda mot bién toa do x.

5.1.HE THANH DAN.

Nhu d4 biét dan la mdét hé gdom cdc thanh chi chiu kéo nén ding tam hay la
mot trudng hgp cu thé cda thanh chi chiu bién dang doc truc. Vay, trudc tién ta
ban dén thanh chiu bién dang doc truc.

1- Phan tit thanh chiu bién dang doc truc:

Xét mot phan t& thanh ¢é 2 diém nut chiu bién dang doc truc, chiu tai trong
phan bd doc truc p(x) nhu hinh 5.1.

R6 rang phan tu chi c6 2 bac ty do 1a 2 chuyén vi cia 2 nit dau va cudi.

Do d6 chuyén vi doc tryc u(x) cia phan td chi c6 thé la moét xdp xi tuyén
tinh. | ' o

u(x) ='a; +agx ‘
Hay u(x) = [Nl {q}e =

q1 | u;
Trong d6: {q}e = =
o q2

u2
e e

Va nhu & thi du chuong 4 da biét 1

Ma tran cdéc ham dang [N] = (1 - .’.‘_) X
L’ L
Trong bai todn nay, vecto bién dang {e} = {&}, vecto uUng sudt cing chi con

{o} = {0x}.

Hinh 5.1.
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Trong phuong trinh quan hé chuyén vi bién dang: [9] = i} Vi gg = du

dx dx
Trong phuong trinh dinh luiat Hook, ma tran [D] chi con: [D] = [E] hay

ox = Eoy (véi E: mddun dan hodi Young)

Véy theo (4.42), ma tran tinh bién dang:
[B] = [4] [N [ ] [(1 x )

lax | [V L/

P [_L __1_}

1

v

I—J

L L
Va ma tran cuing phan td, theo (4.47).

(K], = f [BI" [D] [B] 4V

i
1 -1
=fl --[-1 1] Fdx = E[ } (5.1)
o L

Trong d6é F: Dién tich mit cidt ngang phan tu.
Vecto tai phan tid {P}. dudc tinh theo (4.48) :

Do lgc phan bé doc truc p(x):

‘ FeT)

{Pre = J INI" {pex)} dx = | p(x) dx (5.2)
0 0

il

X
L
Trudng hgp p(x) = p, = const:

L |;_x

Pole
PP =p [ | Llax=Fe
0

(5.3)

oul S

Do nhiét do: {P}}, = f (B1T (D] {e,} dV
) V.,

-1
_1_{ JE{aT}Fdx:EFaT{l} (5.4)
L
Trongdé T: Do biént nhiét do
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Dé cé thé thay ré cidc bude di va phan tich bai todn theo phuong phdp PTHH
chuing ta xét ky thi du dudi day.

Thi du 1: Giai bai todn thanh dudi day (h. 5.2a) theo PPPTHH vdi sg do 2
phan td. Bi&t chigdu dai thanh 1a 2a. D6 cing EF la khéng ddi. Thanh chiu tdi trong
phan bd déu doc truc, cuong d6 q = const

Cac budc giai:

1. Thyc hién rdi rac héa vat thé
khao sdt bdi viéc dinh ré cdc nit,
cdc phan td. Roi thuc hign ddnh s6 {

nut, ddnh s8 phan tu. e T 7
Trong bai toar thanh don gian T f
nay, ta chia thanh thanh 2 phan t& !
a EF

(phan tu (1) va (2)) béi hé théng 3
diém nit 1, 2, va 3. (Hinh 5.2b) >

Sau d6 trén so d6 k&t cau da

(a) h)

dugc rdi rac hda, thiét lap ma tran
chi s6 [b]

Hinh 5.2. a. So dé két céu

b. So d6 ret cdu dugc roi rac héa

Chi 5 cuc bd Nut dau Nut cudi
Phan tu (Nut 1) (Nt j)

(1) 1 2

(2) 2 3

1 2
Hay ma tran [b] la: {b] = {2 3}

2. Thiét lap cdc ma tran do cung phan td (Kl roi thuc hién ghép ndi cdc phan
ti dé xay dung ma tran cing téng thé [KI.

Nhan xét rang do 2 phan td cé chiéu dai va d6 cing nhu nhau nén dé thay la
[K]]_ = [K]2 Cu thé theo (5.1)

Chi s8 t8ng thé chGa phan to (1)

1 2
1 -1 1
(K], = EF
a |dx 1 2
3 Chi s& t6ng thé clha phan 1 (2)

v EF {1 -1 2
K, = =&

(Kl a [dx 1 ] 3
Thyc hién ghép néi cdc phan ty;
4
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Chi s& t8ng thé

2 toan két cau
1 -1 1 1 -1 0
K = EF 1+1 -1 2 . K = EF 9 1
a dx 1 3 2  ldx 1

3. Thié€t lap cédc vectc tai phan td {P}. roi thuc hién ghép n&i cdc phan td 4é
x4y dung vecto tai téng thé {P}

D& thay trong bai todn nay {P}; = {P}2. Va theo (5.4)

Chi s&t8ng thé Chi s t6ng thé

11 112
_ ga ) _ Qqa
{PH —-—2 {1}2 ; {P}o -—2 {1}3

Thyc hién ghép néi, vsi chd y la do tai cdc nit 2 va 3 khoéng cé tai trong tap
trung cho trude, con tai nit 1 cé phan luc R. Nén vecto tai trong mit {P}, la:

R

{P}, =10
0
Va khi dé vecto tai tong thé
@4 r
1 R 9
{f’-} =9 l14+1t+90¢ =1 qa d
211 0 .
2
Vay ta c¢é6 hé phu’dng trinh [K]{q} {P} nhu sau:
- a
1 -1 0 q31 q;-'-R
EF 2 -1 52 =1 ga ¢
a - lax 1 | 1qs " qa
| 2

4. Ap dét ‘didu klén bién: R6 rang theo so db k&t c&du da cho thi chuyén vi cda
nit 1-1a bing 0, Hay q; = 0. Vay hé théng phuong trmh dé giai sé nhan dugc biang
cich "ném na" 1a "xdéa di" cac hang va cdét tuong dng q1, __,-O, tuc la "x6a" hang 1,
cot 1 cia hé phueng trinh trén. )

Cubi ciing ta c6: [K'] {q } = {P"} nhu sau:

a l—'l 1| a2 2 (1
5. Giai hé phuong trinh nay ta tim duge cdc chuyén vi nit (_12 va ag, cu thé la
5
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- a2 2 |3
(@ == (=-E
q3 2EF |4
Va nhu vay tdt ca cdc chuyén vi mit la di biét, cu thé
ol e
{q} ={az t = 4 3
- 2EF (4
d3
T d6 vectd chuyén vi nit {q}, cia méi phan tit cling hoan toan xdc djnh
Cu thé:
di 2 10
{q}l = <J{_ ) = qa
9z 2FEF {3
a2 2 13
{q}z =y — F= qa
93 | 2FF (4

Va biu do chuyén vi cia mbi phn t& cing hoan toan xdc dinh nhu sau:
upx) = [Nl {q}; = Ny(x) . q3 + Na(x) . q2
ug(x) = [N] {q}z = Ny(x) qz + Na(x) q3

Két qua cho trén hinh 5.3a va 5.3b. _ '

6. Xdac dinh néi luc trong cdc phan td: Do ham chuyén vi la tuyén tinh nén dé

vhdy rdng bi&n dang doc truc &, = S hing s& trén ting phan tu.
dx

Do dé udng suit oy = Ee, = const va, luc doc N, = F 0, = EF ¢, ciing la khéng
déi trén suét chiédu dai mdi phan ti. Va
Ne = EF g, = BF (B} {q}.
Cu thé, lyc doc trong phan td (1) va phan td (2):
0

3qa’ qa

2EF

N, = EF [B] {q}; = EF [—l 11
a

a

N |

3qa’
Ng = EF [B] {q}2 = EF [_1 l} |2EF [ _ qa

4qa2 2
oEkF |
K&t qua nay dugc thé hién trén biéu do luc doc (N) & hinh 5.3¢.

Dé thdy r6 hon ban chdt cta PPPTHH théng qua thi du nay, ta thu tim i
giai chinh xdc cua bai todn.
6
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Nhu trong Gido trinh Co ky thu&t da biét, nfu sd dung phuong trinh can
bing biu dién qua chuyén vi doc truc u(x) ta sé nhan dudc phuong trinh vi phan
chi dao clda bai todn thanh chiu bién dang doc truc, trong trudng hgp téng quit,
c6 dang:

L (EF) 4 qm = 0
dx dx
va cdc dieu kién bién
trong dé q(x) la cudng 40 tai trong phin bé doc truc thanh.
- Véi bai toan dang khao sdat: EF = const, q(x) = q = const, phuong trinh vi
phan va cdc diéu kién bién cda bai toan la:

2
EFY Y., q=0 (0 < x < 2a) (@)
dxz .
Picu kién bién: u =0 , | (b)
x=';0 . . ) .
N = (EF 93) =0
x=2a dx x=2a

Su dung phuong phdp tich phan truc ti€p phuong trinh vi phan (a) va su dung
cdc diéu kién bién (b) dé xdc dinh cdc hiéng s§ tich phan. D& dang nhan dugc két
qua ch’nh xdc cua bai todn la:

Ham chuyén vi: ulx) = L(zl ax — x2) (0 =x <2a)
2EF
Luc doc N=EFi‘f=qa (2_5)
dx : a

Bidu do chuyén vi (u) duge biéu difn bing dudng chdm chidm trong hinh 5.3b.
Biéu do, lyc doc (N) cia 18i gidi chinh xdc duge bidu dién bing dudng chdm trong
hinh 5.3c. = ' o

2ga
@ I e 7
A /
\\‘T chinh xdc 300 | chinh xac
2 /
FEM A rem

/
/

4

A
/
/
4 935 . “g9a”
» 2 EF 7
(@) b) (c)

Hinh 5.3. Biéu d% chuyén vi (u) va luc doc (N) ( __ Nghiém PPPTHH --- Nghiém chinh xéc)
7
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So sdnh 2 k&t qua nhan duge tot PPPTHH va t loi gidi chinh xdc cta bai toan
ta cé thé thdy mdt s6 nhan xét sau:

- Gid tri chuyén vi tai cdc nut nhan duge td PPPTHH la trung vdi k&t qua
chinh xdc. Con gid tri noi luc la gan ding va chi la gid tri trung binh.

- Né&u tang s6 nit lén (tdc chia thanh thanh nhidu phan t& hon) biéu do chuyén
vi wsé 1. 1 da gidc ham ndi ti€p va tiém cén dén dudng cong cua nghiém chinh
xdc (hinh 5.4b). Con biéu d6 noi lyc N c¢6 dang dudng chi chi giadt bac xung quanh
duong thing cda nghiém chinh xdc (hinh 5.4¢). Hinh vé 5.4 cho ta nghiém cua bai
todn giai theo PPPTHH vdi so d6 4 phan td (hinh 5.4a).

®

uegu

r—
/
/

&
4

(a) rb) fc)
Hinh 5.4. Biéu d6 chuyén vi (u) va luc doc (N) theo so do 4 phan t@
¢ __ Nghiém PPPTHH --- Nghiém chinh xdc)

- Tuy ﬁhién, cé thé thdy ring gid tri noi luc dugc tinh theo biéu thuc
N, = EF [B] {q}e
chi 1a noi luc do chuyén vi nut {q}. gay ra. »

Pé c6 dugce gid tri lyc doc chinh xdc ta can ké them thanh phan luc doc do tai
trong phan bs trong pham vi phan ti khi xem cdc nut la dugc gin cung lai (hinh
.5.5a) Hay: ,

N = Ny + No
Trong dé Nyq): 12 luc doc do chuyén vi nut {q}. gay ra
' N,: luc doc do tai trong tdc dung trong pham vi phan tu gay ra khi
xem cdc nut la bi gdn ciung.
V§i bai todn dang xét k&t qua cho trong hinh 5.5.

%90 290 .
ﬁ 3%
@ =O0=
% B Ra
i
@i 142
é‘ 2

o (a) Hinh 5.5. @ | Q)]
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2- Phan titr thanh trong dan phang:

Trong dan phéng, khi tinh theo
PPPTHH, ngudi ta xem mbi mit dan la
mdt dinh mit, vd méi thanh dan 13 mét
phan td chiu bién dang doc truc. R6
rang nut i bat ky cda dan cé 2 bac tu
do: 12 chuyén vi theo phuong ngang va
phuong ding cta né. Cdc bac tu do nay
dugc danh s6 lan lugt la 2i — 1 va 2i.

Xét phan td thanh bat ky ma nut 1
va 2 cua ndé tuong dng nut i va j theo

chi s6 téng thé. Cdc nit nay cé cdc Hinh 5.6.

chuyén vi (q’2i-1, 9’2iy va (q@’2j-1, q'gj)) va

sé gay ra chuyén vi tai 2 nit theo phuong truc thanh la q; va qo.

a1 = q’gi-1 ljj + Q"2 my

gz = qQ’gj-1 kj + q’2j mjj

trong d6: l;;, mj; 1a cos chi phuong cua truc phan td (truc x) déi vdi hé truc téng

Dé thay rang

thé xy
Hay, vecto: chuyen vi nit phan tg trong hé toa 46 dla phuong:

{ate = {u;, uZ}e = {QI ’ q2}e

duge biéu dién qua vecto chuyén vi nut phan td trong hé toa d& téng thé:

T : T
{q’}e = {u,i ) V,i ) u’j y V,j} = {q’2i-—1»7 q,Zi ,'Q’z_j—l 3 q,Zj}

nhu sau: {q}e = [Tl {q’te _ _ (5.5)
(2x1) (2 x 4) (4 x 1) :
: !ij mij 0 0

Trong d6 ma tran chuyén truc: [T =

(5.6)
(2 x 4) 0 0

lij mij

Vay ma tran cing phan tud trong hé toa do tong thé la: (theo cong thuc (4. 57))

I 0. _ -
K1, = [T (KL [T = |3 x == |_ <
K], = [Tl [Kl [T 0 I L, |71 1 0 0 lu mij
0 my;
_ : ) 7
13 lijmij = lij lijmij
2 _l.ms: 2
m — Ay — my
Cusi cung KL = 25 J 9 i ! 5.7
L |dx 11_) ijmmij
2
mij
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Chi y: + ljj, my la cosin chi phuong cia truc phin t& (truc x) trong hé toa
d6 téng thé va nd cing la cosin cda goc nghiéng gita dudng thing ndi cdc nut i va
J vGi cée truc x’, y’ va chung duge tinh qua toa d6 cdc dlém nut trong hé toa do
téng thé nhu sau:

’

X_j - X
L

ljj = cos (%, x7) = (5.8)
Y- ¥i

L .
o day &’i, y'yvax’j,y’;) 1a toa do cua mit i, j trong hé toa d6 tOng thé x’y’.

m;; = cos (x,y’) =

va L chigu dai phan td ij va dLro‘c tmh bdi.

= \/(x’j - x)? + o' - y? (5.9)
yI
y w
‘Zf — —— - =
e il
I !
| ot
| |
] I -
x/ 1",—' .
Hinh 5.7

+ Clng c6 thé dé thdy r6 hon ma tran [T], néu ta goi « la géc nghiéng gida
truc phan td (néi td diém dau i tdi difm cudi phan t& la j) d&i vdi truc ngang x’
thi dé thdy ring: lij= cosa, mj; = sina

cosa sina O 0

Hay: [T) = ) (5.10)
0 0 cosa sina
va do vay cong thuc [K’L cing c¢6 thé_vié't véi.sy st dung géc a nay. Cu thé
2 es —c% -ecs
2 2
s° —cs -8
K], = EF ; (5.11)
L - c cs
dx 2
vdi ¢ =cosx vA s = sina )

a : goc nghiéng gida truc phan td (dudng néi ij ) vdi truc x’
N¢i luc trong thanh dan:
Vi £y = [B]{q}e f,v_

g, =E ¢

10
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nén luc doc trong thanh dan, tinh theo {q},, dugc tinh la.

N, = 0, F = EF [B] {q},
Con trong hé toa do tdng thé, ta cé thé tinh luc doc theo vecto chuyén vi ntt
{q’}e bing cdch thay {q}e = [Tl{q’}e, ta dugc: '
N, = EF [B} [T].{q’}e = [S’k{q’}¢ : (5.12)
Trong dé: Ma tran tinh néi lyc [S’], = EF [B] [Tk

l;; m; 0O O
hay L =EF |-+ L v
L L 0 0 Il my
. EF
{3’] = T [— L —my mij} (5.13)
hoac S’k = 15 [— cosa — Sina cosx sinajl (5.14)

Cong thuc (5.12) cho ta xac dinh luc doc trong phan td do chuyén vi nidt {q}
gay ra. Trudong hop trén chidu dai phan ti cdn cé tdc dung nhdng luc doc truc,
hay chiu su thay déi nhiet d6 thi d&é c6 k&t qua chinh xdc doi véi nodi luc nén ké
them phan luc doc do tai trong hay do bién thién nhiét d6 gay ra trén phan td
khi xem cdc nut la ¢ dinh.

Cu thé:
& At
S
2 | v A ¥
f L £

v -—j’z‘—f l:é““llll~ _.““,él“ %L
/ 'y 2

Thi du 2: Tim chuyén vi tai cdc nuit va ndi lyc cac thanh cda dan cho trong
hinh 5.8. Bi&t cdc thanh dung va ngang cé dién tich mat cit ngang la F. Céc thanh

(@ TSI 57

xién cé dién tich mat cit ngang la V2 F

EF P
¥ A
EFVZ
Z
S
. a -
A A
{a) (b (c)

Hinh 5.8. a. So db két c&u; b. Roi rac héa két cdu: cac nut va phén tu;
c. Cac thanh phan ciia vectd chuyén vi nit téng thé {q’}.

11
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1. Roi rac hoa két céu:

Giai:

Danh s6 nut, danh so

phan tu nhu

hinh 5.8b. Tai mbi

nit co 2 bac ty do la 2 chuyén vi thanh phan cta nut theo 2 true cua hé toa do
tong thé. Cac bac tu do cua hé cho trén hinh 5.8c¢. Thiét lap ma tran chi s§ [b].

94

Dé tién cho tinh todn sau nay, ta tinh

tu trong bang sau:

Cac bac ty do Nt i Nuit j
cua phan tir_ _

Phan ti 1 2 3 4
(1) 5 6 1 2

i (2) 7 8 1 2
(3) 1 2 3 4
4 5 6 3 4
(5) 7 8 3 4
(6) 5 6 | 7 8.w |

P Phdn A Nuti Niit j 0 e* s° | cs _—ﬁl F F EF
|3 1 o0 1 0 0 a F | EFa |
@2 |4 1 a5° 1 172 1/2 12 | ava vz, | EFa

| i
(3 ! 2 ©-90° .0 1 0 | a F - EF/a
SURCIIN IR DI E ) RPN R vz |-z | sV Vi, | EFa
il 0 S0 a F | EFa .
® |3 1 0 a Bl EFa |

2 Thzet lap cdc ma trdn cu‘ng phan tu’
trén ta co:

sadn &

12

EF

K’} = [K)s = EF

a

8 C 37
6 1
0 -1
0 0
dax 1

cC o0 o N &

Su‘ .d\;ng 'cﬁéng thuc

K = o o
T B o -3

(5.7) va bang tinh
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1 1 -1 =1] 7
, EF 1 -1 -1 8
Ky = =25 .
4a dx 1 1 1
1| 2
5 6 7 8
1 2 3 4
0 0 0 O 1 5
EF 1 0 -1 2 6
[K] K'lg = — :
g =Kle =~ ax 0 o 3 7
1| 4 8
5 6 38 4
1 -1 -1 1| s
1 1 —11 6
K, = B
| da ax + 1 -1 3
1 4
L : N

" T cdc ma tran do cing phian td nay, si dung ma tran chi s6 [b] thyc higén
ghép néi phan td, cudi cung ta ¢6 ma tran cung téng thé [K’] c6 kich thudc (8 x
8) :
4 5 6 7 8 .

12 3
5 1 0 0 -4 0 -1 -1 1
5 0 -4 0 0 -1 -1 2
5 -1 0 -1 1 -4 3
fR_’]=E ) 5 1 -1 0 o] 4
4a d6i xudng 5 -1 0 0 5
5 0 -4 6
5 1 7
S 8

3. Xdc dinh vectd tdi phin ti {P’}, vé vecto tdi téng thé {P}..
Dé thdy la, do trén cdc thanh dan khéng cé tai trong tdc dung nén.
{P}; ={P}g={P’}g=..={P}g= {0}
Do vay vecto tai téng thé sé chi la do vecto tai trong mit (tdi trong tap trung
tdc dung tai cdc nit ké cd cdc phan lyc chua biét) tao nén. Cu thé la:

{P’} = {0} + {P’}, = {P}n
13
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Hay:

{P’} = {P’},

i

1

o

w ©
SO s N

Vy 8

trong dé H,;, V; la phan lyc theo phuong ngang va phuong ddng tai nit i. Cang
.phan xét ring 4 thanh phan dau cla vecto tdi téng thé la xdc dinh trong khi 4
thanh phan sau la chua biét. Déi ngiu vdi digu nay thi & vectd chuyén vi nit tong
- thé {q’} c6 4 thanh phan dau la 4 thanh phan chuyén vi nit chua biét va la 4n s8
ctia bai todn cdn 4 thanh phan sau lai 13 cdc chuyén vi da biét va bang 0.
4. Ap dat disu kién bién vi xay dung hé phuong trink d€ gidi [K"1q™} = {P™}.
Nhu da néi & trén do 4 thanh phan chuyén vi q’s = q’5 = q’7 = q@’g = 0 nén bing
cdch "xéa di" cdc hang va cbt 5, 6, 7, 8 cua ma tran K] cing nhu "xdéa di" cac
thanh phan 5, 6, 7, va 8 cua vecto tai tong thé {P’} ta nhan dugc hé phuong trinh

dé gidi [K"}{q""} = {P”"} nhu sau.
5 1 0 o q_’l 0
EF| 5 0 —4/| |92 - P
e [ gue— r =
4a dx 5 -1 q’s 0
] 51 |d’s L 0
Giai hé phuong trinh nay ta tim dugc 4 chuyén vi chua biét:
q’y 6
—, q’2 Pa |- 30
{q’ } = —, = ¢
q’3 11EF | — 5
q,4 - 25

5. Tinh l;éc doc trong cdc thanh dan:

St dung ma tran chi s6 [b] va {?*} via tim dudc, ta xdc dinh cdc vectd chuyén

vi nit phan td {g’}e. Vi du:
| 0 0 6
] 0 - 30
{q’} = Pa 3 r o, {q’}z -— Pa , {q’}3 - Pa
11EF | 6 11EF | 6 11EF | = °
~ - 30 ~ 30 - 25 |

14
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0 0

: P 0 , 0 , 0
{q’}4= a_ . ,{q}5=—Pa 1 , {Q'te =

11EF | — 5 11EF | —5 0

- 25 - 25 _O

Su dung (5.12) va (5.14), ta tim dudc luc doc N cua cdc phan tu. Vi du véi
phan td (1): ((cosa =1,sina = 0)

0
0
N1=[S']1{q’}1=g[—1010:ix Pa »=_6_P
a 11EF | © 11
- 30
Véi phan t& (2): (cosa = V2/2, sina = V2/2)
0
0 ey
Ny =[S’ {q'}s = CF. _Y2 _ V2 V2 V2|  Pa _ =6v2
a 2 2 2 2 11EF | 6 11
- ~ 30
Véi phan td (3): (cosa =0 ;sina = — 1)
N3 = [S']; {q'}s = oL [0 1 0 - 1] x _Pa_
a 11 EF
Luc doc cdc phan tu con lai tim tugng tu.
3- Dan khong gian:
Néu xem mbéi mat dan la 1 diém nut va
1 thanh dan la mot phan tu, thi dé thdy ring
mdbi diém mit cé ba bac ty do: d6 1a 3 chuyén p~
vi thanh phan theo 3 phuong x’, y’, z’ cua
hé toa do6 két cdu. Va vecto chuyén vi nut 2
phan tu trong hé toa do két cdu la: (Cu thé
véi phan td ma diém dau va cudi 1a nit i va Hinh 5.9. Phan tw dan khong gian
B
) ? = » 3 3 » ¥ » T
{Q’}e) = Wy, vy, Wi, ), v, wi}

(6 x 1) T
= {q’3i-2, q’3i-1, 9’31, 9’3j -2> 9’3j-1 » q’3j}
Trong hé toa d6 dia phuong xyz (véi x la truc phan tu, hay truc néi 2 nidt i va
j ) vecto chuyén vi nit phan td van la:
{q}(e) = {y;, Uj}T
(2 x 1)
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Chuong 5. Tinh toan hé thanh
Trong d6 u;, y; la chuyén vi cia nut i va nit j theo phuong x (phuong ndi i va j).
Vay quan hé gida {q’}e va {g}. chinh la:
{ate = [T], {q'}e
trong d6 ma tran bign d6i [T, la:
L;

[Tl = | Lome o
(2 Xﬁ) O 0 0 IJ mlJ nlJ

mij nij 0 0 0

véi lj, my, ny 14 cdc cosin chi phuong cua dudng ndi ij trong hé toa d6 k&t cdu

x'y’z’ va duge xde dinh qua toa d6 cdc dinh ndt i, j bing cdc cong thiuc quen thudc:

x’. — X,‘ LR __ y’. X,' _ Z"
=41 mg ERANEAY ny =1
L L L
p] b4 ? 2 H 2 1 2
va L-‘-\/(Xj—xi) + -y (2] - 2h)

Ma tran d6 cung phan td trong hé toa d6 dia phuong [KL la da biét (cong
thic (5.1)) vAdy ma tran d6 cuing phan tu trong hé toa d6 két cau la:

T
Kl = [Tk [Kl [Tl
(6 x 6) 6x2) 2x2) (2x6)
Cu thé: ) ]
2 12— Lms
j lym; Lmny o - Lmy - Liny
2 “md
mij mijnij - lumu 1) - mijnij
2 e 2
, EF nj -~ Loy T ogMmy - o
[K'l = — |
| o 12 Lm: Lo
(6 X 6) ij 7y i
. 2 ‘
m;; miny;
e . 2
déi xung nj
Trong 46 ,

E: modun dan hdi Young cua vat ligu
F: dién tich mat cdt ngang thanh

L: chiéu dai phan tu.
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Chuong 5. Tinh toan hé thanh
5.2. KHUNG PHANG ' i |

1. Phan ti& dam chiu uén - Dam lién tuc.

Xét phan t& dam chiu udén c¢é chigdu dai
L, mat cidt ngang khoéng d6i. Nhu d4a trinh
bay trong thi du 2, chuong 4: chuyén vi cia

- - £
moi diém theo phuong vudng géc truc thanh Ve qa/__
v(x) dugc chon la da thudc xap xi bac 3. //;/éz’

v(x) = a; +as X + ag x2 + a4 x3. S 5,21
Hay v(x) = [P (x) ] = {a} (*) ,x
vGi [P x)] = [1 x x2 XBj| By= 1 ___/L,ET/
, T —
va vectd tham s8: {a} = {a; ag ag as}

Tu diéu kién dong nhat chuyén vi nit la
cdc gia tri cia ham v(x) va dao ham bac nhAit
cla né tai cdc diém nudt 1 va 2 cua phan tu, ta cé:

{q}e = [A] {a}

trong d6 {q}e 12 vecto chuyén vi nit phan ti va:

Hinh 5.10.Phan tiz dam chiu udn.

{qle = {vi 61 va fa}e =la1 qg q3 ale
Con ) i )
10 0 O 1 0 0 0
o1 0 O . P 0 1 0 0
[A] = | L 12 L® va ton tai nghich dao: [A] "= | a2 -2L 312 - 1/L
0 1 2L 3L o UL _on® 112

T d6: {a} = [A]"Hgle |
Thay [a} vao (*) ta biéu dién dugc ham chuyén vi v(x) theo vecto chuyén vi nut
{q}e

v(x) = [P )] [A] *{q}. = [N] {q}e

: (5.15)
Véi [N]: Ma tran cdc ham dang va [N] = [N; Ng Nz Nyl

Trong dé:
x2 x>
NI(X)=1—3-—-+2—-—
' I A
" 2
Ng(x)=x(1—2_+§_) ,
L 12

17



Chuong 5. Tinh toan hé thanh

x2 x>

N3(X) =3 — -2
L2 L8

2

Nyx) =x | -2 + X
L 12
Nhu da biét ¢ Gido trinh
Co ky thuat, khi dam chiu uén mat
cit ngang cua dam con 1a phang
khi bién dang va xoay di géc 8 =
¥ poas chuyén vi doc truc u va
dx
ddé vong v c6 quan hé (nhu hinh

5.11).

dv
u=-y —

dx
trong dd y la khoang cach t& diém
dang xét tdi dudng trung hoa.
Khi d6 bién dang doc truc:

Hinh 5.11. Bién dang cua phéan tu dam chiu udn.

du d2 v
Ex = em—— = — ——
dx dx?
St dung (5.15):
, C2 _
e = -y TN gy = BYate
d 2
X
, g2
Trong dé: [B] = - y — [N]
’ C dx? , _
Hay [B] = —~y (——94+ 12,_"--),(~ 44 G_X—_)' (i—iz—x) ( —3.+6_x-') (5.16)
1.2 L3 L 2/ ‘128 | L Lz. ,
Ung sudt tai moi diém cGa dam chiu uén. '
Oy = Eegy .
Hay ¢ dang ma tran {o} = [D] {¢}.
0] day ma tran [D] = [E] ' ' 1(5.17)

St dung cong thic (5.16), ma tran d6 cing phan td dam chiu uén dugc xdc
dinh nhu sau.

(K], = f (BI” [DI[B1dV = E f f (B1T [B]dF . dx
V. L F

€
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Chuong 5. Tinh toan hé thanh

(12 6L -12 6L |
S EJ,| 4% -seL 212 5.18)
L 12 - 6L
d6i xung 41.2

o} day J, = f y2 dF 13 mdémen qudn tinh cia mit cidt ngang 18y véi truc z. Vdi
. .
vectd tai phan ti {P},, trudng hgp téng qudt, khi trén chieu dai phan td cé tai
trong phan b8 q(x), cdc luc tdp trung Q; va cdc moémen tap trung M; tac dung thi
trén co sd cong thic (5.17) hay ti su can bing coéng cuia lyc nut trén cdc chuyén
vi nit tuong dng va téng cong cia cdc ngoai luyc (trén phan ti) trén cdc chuyén
doi tuong dng, ta cé thé tim vectd tai phan td {P}. theo cong thuc sau:

{P}e = f [INT" q(x) dx + 2 [N (xg)1" Q + 2 [d—l\—T(xM)] M; (5.19)
i=1 i=1 dx

Trong 4é:

qx): cudng d6 luc phan bo trén
chiéu dai phan tu, v

Qi vaxq: lyc tap trung va hoanh !
d6 diém dat luc trén hé truc dia p
phuong £ / ?

’ (\'Q - l_i’ x
© M vaxym: Momen tap trung va 2 'Jf @ 7, %

hoanh do diém dat trén hé truc phan 1 L +
tu,

ng va ny: s lue tap trung va sé

Hinh 5.12.

momen tap trung trén chiéu dai phan
tu dang xét.

Su dung (5.19) xdc dinh vecto tai phan td cho mét vai trudng hgp cu thé.
- Trudng hgp tai trong phan b6 deu trén phan ta (Hinh 5.12).

3 .
1 — ?1.4—235_ qL
L2 1.3
Pl x—g_)_(_-{-.._:j. .
P2 L 2
Ple=1p | -J Folax =1 2 G20
IR S5 ab |
P4 2 3 2
Je L L )
2 3 _qL
X X =
L L2 )

19



Chuong 5. Tinh toan hé thanh

- Trudng hgp trén phan t¥ cé luc tap trung gid tri Q dat cdch mit dau phan
t& khoang cdch a (xg = a) (Hinh 5.13).

3
1 - 31 +22
1
o)
P 3
! a-— 2’ 2’ y
Py T 7 L L2
Pro=1"1 =N’ Q=@ | P
P3 : 322  2a° I ‘ 4
Py = (- D
\ | A
) v 2 L3 . ) 4
- + G JI’ L 9
L L2 Hinh 5.13.
Trudng hdp dic biet, khi Q dat tai gida nhip phan td ( Q= —) (Hinh 5.14).
. . 2
PL
y 2
pL2
A Q A
7 ‘ t y oz (Pl= e (5.21)
(bt PL
@ ¥ + g 2
PL2
Hinh 5.14. e

P& tim mémen udn ndi lyc trong phan td dam, nhu trong Suc bén vat liéu, vdi
hé truc toa do dia phuong nhu trén thi dé thdy rang, trudng hgp phan tu cé tiét
dién khéng 4d6i, ta da co:

w=gy &Y
dx? . _
Vay néu tinh theo vectd chuyén vi mit phan td {q}e thi:
M(x) = EJ — [N1{q}e = EJ [N’’] {q}, (5.22)
dx ‘

) ’ 2
O déy [N”] = ,.Ei,._‘__ [N] = [N”l Nn2 N”3 N”4]
dx?

Tu (5.22) d&é nhan thdy rdng, khi cdc ham dang Nj(x) l4 cdc ham ndi suy Hecmit
bac 3, thi N”j(x) 12 bac nhdt va do d6 mbémen ubn M(x) la ham tuyén tinh trong
phan tu.
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Chuong 5. Tinh toan hé thanh

Néu goi:
{M} =lM (tai nut 1) ] la vectoc mdmen udn tai cdc dau mit phan td thi
¢ M (tai mit 2) . ' 3
M, [N”(x = 0)]
{M}, = M, = EJ IN"(x = L)]] {a}e
Hay: M}y =[Sk {q}e (5.23)
(2 x 1) (2 x 4) (4 x 1

0] day [S],: ma tran tinh moémen- -

va (N"(L)] = — (5.24)

2 2

N0 EJ |- 6L —4L% 6L -2L

L = B3 |V g 2
13| 6L 217 -6L 4L

@2x4
Cing c6 thé nhan thdy ring, tuong ty nhu trong phuong phdp chuyén vi cta
Gido trinh Co két cdu, moémen uén M(x) = EJ [N”’] {q}e |2 mdémen do céc chuyén
vi nit gay ra. D& day dd, trong trudng hgp trén chiéu dai phan td cé lyc tdc dung,
can cong thém moémen M, do tai trong nay gay ra trén phan td khi xem tit ca cédc
nut duge gin cung.
Thi du: Giai dam lién tuc dudi day theo PPPTHH (hinh 5.15a)
Bai toidn dugc giai theo trinh ty sau:
1) R&i rac héa két cdu: Pdanh sé nit: 1, 2, 3
Pdanh s6 phan ta: (1), (2)
Danh s& cidc bac tu do cia két cau: _
Chi y la bay gid ta chi ddnh s6 cdc bdc . 4 , 7
tie do chua biét. Con tit ca cdc bdc tu do ZREBEEENRE o F7— consl
béng 0 da biét sé ddinh s6 0. Vdi bai nay ,»}r
thi r6 rang chi cé géc xoay tai nudt 2 va
3 la chua biét va la 4n s6. Va dudc ddnh
s6 1, 2. (Viéc nay cung dugc xem nhu
tién hanh 4p dit diéu kién bién ngay tu 0 Io , 0
dau). P6 ciing chinh 1a 2 thanh phan cia ( 1 ya\ / I
2 . R T . 0 1 @ _\ 2 @ \ 3
vectd chuyén vi nit an s6 {q }. Hay:

N\

- 9 ' iz ]
- 62 91 ' X VR
(@ = 1g.1 = 1= I Hinh 5.15 a. So do két ctu va tai trong;
3 qz ‘ b. So d6 nit, phan tw va cac béc tu do.
Thiét lap ma tran chi s6 [bl.
\ Chi s6 dia phuong  Nuti Nut j
Phan t 1 2 3 4
n 0 0 0 1
(2) 0 1 0 2
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Chuong 5. Tinh toan hé thanh
2) Thiét lgp ma trgn do cung phén ti [K), va tr dé "ghép néi phén tw" xay

dung luén ma trn cing téng thé da ké tdi didu kién bién [K']
Dé thdy ring [K]; = [Klp va cu thé l1a

o o0 0 1 0 1 0 2

(12 6a -12 6a| o [12 6a -12 6al

K, - B 48° - 6a 2a° 0 g, - B 482 —6a 24| 1
‘ 3 12 - 6a 0 3 0 12 —6a| O
ddi xung 4a2 1 2 |d4si xing 4a% | 2

Chu y rang do di su dung cdc digu kién bgen nén khi "ghép ndi phan td" ta sé
nhan duge ma tran [K'] c6 kich thude (2 x 2). Ma tran [K"] duge "ghép" chi bdi cic.
thanh phan caa [K]; va [K]s ma cdc thanh phan nay ¢ ca 2-°chi s& tong thé tuong ung
la khédc 0.

Vi du trong tat cd 16 thanh phan cida [K]; thi chi c¢é ‘thanh phan ki4 co ca 2
chi s6 tong thé la khdc 0 va né sé duge " cong gop" thém vao 6 (1 ; 1) cia ma tran
K.

Con thanh phan k24 cia ma tran [K]o sé duQ‘c gdp thém" vao 6 (1 ; 2) cda ma
tran K.

Vay: s _ 1 2
. _EJ |4a®+ 4a® 22°| 1
K== ,
a3 - dx . 4a 2
2 o.2]
—, 8 2a
Hay [K]=2d J ,
: a5 |2a° 4a

3) Tim cdc vecto tai phiin i {P}e roi "ghép néi phéin ¥ va xdy dung {P"}

Su dung cdc cong thuc (5.20), (5.21) vdi chd y chidu luc quy ude duong la cing
chigu duong cdc truc toa do dia phuong. Ta cé
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Chuong 5. Tinh toan hé thanh

_aa | _aa |
2 4
32 32
-2 | o 92 | 34
{P}lz 1 12 . , {P}2= 1 16 L
-2 o B R
2 4
2 2
qa_ 1 . 2
12 | 16

Va, cling tuong tu trén, véi nhén xét la {F”}n = {0} vi tai nuit khdéng cé cac

tai tap trung (moémen tap trung) tuong ung cdc bac ty do q;,qe
. : ;

qa’ _ g8’

.1
—. . 0 211
e
_ 2 ,
ga
. 16 .
4) Gidi hé phuong trinh hé théng: [K'Hq'} = {P7}

2 2 {5
Hay - EJ 8a“~ 2a” {El}z qa2[1}

3 |22 4a® | |92 48 |3
- ai | 3 1-1

K&t qua 1a (g} = {- | = 1 42
92 672 EJ |11

5) Hoan thién hay tinh néi lwc: Biét {a*}, s¢ dung ma tran [b], ta cé cdc vecto
chuyén vi nit cia cdc phan t la:

(0 | [0 l © o] [0 ] |

1o 1 0 ‘ q1 1 ga° |1-11
h={o =L ae Aale = | = == =

0 612 EI |0 | 0 672 EJ | ©

ql 1-1 qz 11 |

Vay su dung 5. 23) va (5.24), ta xdc dinh du’dc vectd mémen udn cda cdc phan
t¥ do chuyén vi nit gay ra.

| 5
2 2 .
—6a —4a 6a —2a 0 212
{M}; = [Bh {q}1=g 9 2 10’__‘__q_g_[ 4]
q3 6a 2a° -6a 4da = 672 |~
q1
2 2 .
-6a -—4a 6a —2a q1 2 1-18
{M}z = [S]2 {Q}2 = _E_J 2 9 1 ¢ = qa_ {
a5 | 6a 2a° -6a 4a 0 672 | 42
q2
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Chuong 5. Tinh toan hé thanh

Tu {M}; va {M}, dé dang vé dugc biéu do (Mg)

Khi xem cdc nit 1a gdn cudng, ta cing dé dang vé duge biéu do (M) do tai trong
trén cdc phan tu giy ra.

Két qua: (M) = (Mg + (M)

Biéu d6 momen uén (M) cho trén hinh 5.16.

P i 1
e

(22’)

672

Hinh 5.16. Biéu do momen ubn ‘nhan vdi hang so q a*/672).

2- Phan ti¥ dam chiu uén trong hé toa dd tong thé — Khung phing.

Nhu ¢ trén da biét: Trong hé toa
dé dia phuong xyz chuyén vi v(x) cua
phian tu0 dam chiu uén duge biéu dién
qua vectd chuyén vi nuit phan ti {q}.

va
T
{ate = {vi 61 va 63}
(4 x 1)
_ T
={q1 492 q3 Qq4}
~  Trong h¢ toa do tong thé x’y’z’: Hinh 5.17. Phan tit dom chiu udn
cdc chuyén vi nut vy va vy cé thé phan trong hé toa db tong thé.
thanh cdc thanh phan theo 2 phuong
X',y

Khi dé, néu goi vecto chuyén vi nit phan ti trong hé toa do téng thé x’y’z’ la
{q’}, va: '
24



Chuong 5. Tinh toan hé thanh

{q’}e= {u’1 v’1 9:1 uyz V’Z 9)2}T
(6 x 1) ’ » » b b4 » T

=1{9’1 9’2 9’3 9’4 9’5 d’6}

thi dé thﬁy quan hé gida cdc thanh phan cia {q}e va {q’}. la:.
q; =1lyq’; + myq’p

q2=1n,93=9q’s
1 Hay {q}. = [T {d’}e

= ’ s
q3‘13"14*"‘“3'“1.5 @ x D (4 x 6) (6 x 1)
96 =10, q’s ) ]

ly, my 0 O

(5.25)

o
o
S O O

V§&i ma tran bién déi truc toa 46 [T], =

=)
o

© o r o
‘<D—-‘
B

0 o 1|
trong d6 ly, my: cosin chi phuong cda truc'y trong hé toa do téng thé.

Néu goi @ la géc nghiéng gida truc phan td vdéi truc phuong ngang (truc x’)
thi cé thé sd dung [T) 6 dang sau:

‘—- sina cosa 0, . 1) 0 0
: i 0 0o 1! 0 0 0 .
T 0 e e e o (5-26)
0 0 0 i 0 _ 0 1,
St dung cdc cong thide (2.26), (3. 18) va (3 26), ta cé:
KL = (T Kl [Tk
(6 x 6) (6 x 4) (; x 4) (4 x 6)

Ma tran cing phin td trong hé toa d6 téng thé la

1252 ~12cs -6Ls ~12s®  12cs -6Ls
"12¢2  6Lc  12cs -12¢2  6Le

. ' 2 2
. 41, 6Ls -6Lc 2L
kL = 2| . . | | (5.27)
(6x6) L3 12s“ -12¢s '6Ls
' | Cdx 1262 —6Le |

Trong d6 ¢ = cosa =1, ]
s = sina}= my
L: chleu dai phan tg.

Mbmen ubn trong phan td dam tinh theo {q }e _
Nhu trén da biét, mémen uén tai 2 mit d4u cudi phan ti dlIO’C tmh theo {q}e

theo (5.23):.
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Chuong 5. Tinh toan hé thanh
M,
.M} = M, | = [Sk {a}e

e

vay dé tinh tk.leo {q’}. ta chi can thay {q}. = [TL{q’}e vao.
Hay: {M} = [8) [Tleiq’}e
Hay:  {Mle = [S'k{q’)e  (5.28)
Trong d6 [S’L: ma tran tinh nodi lyc (mémen) phan td theo vects chuyén vi nit
trong hé toa d6 k&t clu {q’}e
vas: [S’] = [Sk [Tl _ , .
gy | 6Ls —6Lec -4L? —6Ls 6Lc - 2L°
_ (5.29)

[’ = — 2 2
L3 — 6Ls 6Lc 2L 6Ls — 6Lc 4L

3- Ma tran cing ctia phan ti khung phing (phan ti chiu uén + kéo (nén)
dong thoi). | o

Mbi phan tit khung phéng cé hai niit, mbi nit ¢ 3 b,éc‘ tu do (chuyén vi ding,

ngang va xoay). Cdc chuyén vi nuit giy ra cdc bién dang doc lap nhau:

‘ , -’ I ul
+ Phan td bi bién dang doc truc bdi
up
e
Y
+ Phan td bi un béi {vi,01,vz,62} =1
) e 6r &y

Hinh 5.18. Phtn ti khung phing.

Do vay cong tdc dung cla 2 trudng hgp chiu bi€n dang doc truc va udn ta ¢é
‘ma tran cing phan ti¥ ciia phan td khung vita chiu ubn + kéo (nén).

. L O
ACZ+BS2 (A-—.B)CS —B;S _ (AC2+BS2)F_ (A—B)CS _'—;—S
.. BL | » BL
As® + Bc* _2_'C -~ (A — B)es —(As® + Bc) —é—c
i 4 e 2 e (5.30)
| ‘ "BL_ -
Ac? + Bg? (A — B)cs —é—s _
. d8i xing - . x BL -
| ’ . As® + Be?. - —5
. = 2
. trongdé c = cosa =1, 8 =sina=my, _ 124
' ' 2
. , 2

A: dién tich mat ct ngang phan tu.
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Chuong 5. Tinh toan hé thanh

Thi du: Giai khung sau theo phuong phdp phan ti hau han. Bo qua anh huéng
cua luc doc va lue cat doi vdi chuyén vi cua he.

-, f 0 N )
4 +91 = ) _¥-
T < 7 Y ¥ s

F I 12 Z 0 JE A l?s X

X - v e
ET = const : Q—-:___,,@ fe
] ' = 0 9% 4
2 <A
e
.

Hinh5.19. Bai todin khung phang.
Giai:

1) Roi rac héa két cGu: Ddnh s6 cdc diém nit, 1, 2, 3. Ddnh s6 phan ti: (1),
(2). Cdc s6 liéu vé phan ti duge tinh sdn trong bang dudi day:

Phan to | Nuti Nt j w C=cosuls =sin ¢ I £ | e | BILF |
() i 2 90° 0 1 o | 1 T| 0 | Eda* |

= e S e L —

- Vomyt |

(2) 2 3 | o 1 0 1 o | o | B3|

BDdnh s6 cde bdc tw do: Chu y ring, 1é ra tai méi nit ¢é 3 bac tu do va toan
hé¢ c6 3 x 3 = 9 bac ty do. Nhung do bo qua nhing anh huong cua luc doc, va do
diéu kién bién dong hoc tai cdc mit 1 va 3 nén cé thé ndi ring trong 9 bac tu do
(chuyén vi mit) nay thi ¢6 7 chuyén vi da biét va la bang 0; chi con 2 bac tu do
chua biét: la 2 géc xoay tai nit 1 va 2. Va ta ddnh s6 ching la 1 va 2. Con cdc
chuyén vi thanh phan khdc ta ddnh s& 0. Vay vectd chuyén vi mit chua biét la.

q'y 61
Bg

(@t =15 t=
R |
Con ma trdn chi s6 [b] c¢6 thé thdy ti biang dudi day:

Chi & d.ph Niit i Nt j

Phan ti 1 2 3 4 5 6
(1) ‘ 0 0 1 0 0 2

(2) 0 0 2 0 0 0

2) Thiét lgp ma tran cing phén tw [K'l= Do bo qua anh hudng cua lyc doc nén
chi can si dung (3.27) d¢ xdc dinh ma trin cdng phian t trong hé toa dé tong thé
(K']e
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Chuong 5. Tinh toan hé thanh

0 0 1 o O 2 Chi s6 tdng thé
(12 0 —6a -12 0 —6a| o
0 0 0 0 0]l o
, EJ - 4a 6a 0 2a° 1
K ) 12 0 6a| o
(6x6) dx o 0] o
| 4a24 2
0 o 2 0 0 0 Chi s& t8ng thé
0o 0 0o 0 0 0] o
12 6a O 12 6a| o
KLz, _EJ 428 0 -6a 2a%| 2
6 x 6) ' a3 0 0 0 4]
/ 12 —-6a| o
42> 0
3) Ma trin cung té"rbzg thé [K™ (c6 k& dén ditu kién bién)
1 2 Chi s6& t8ng thé
2 x 2) 23 dx  4a® + 4a°| o a |2 8
3) Thiét lap {P’}e: Theo bibu thic {P}e = I[TL  {P}e
' 6x4) 4x1)
P s 0 0 o], , |7
P’y c o o ol |Pt Py
e 0 o0 —-s o |Ps 1-sPs.
P’; 0 0 c o} fp | | Py
P’s |, [0 0 0 L T 1 Ps |,

Hay cé thé thdy ring P’;va P’; la
hinh chiu cta P; lén cdc truc téng thé
x’ va y’. P’, va P’5 1a hinh chifu cia P3 1én
cdc truc téng thé x’ va y’. Codn
P3=Pyva Pg=P; (do truc 2’ cung
phuong truc z)

T d6 c6 thé tryc ti€p t¥ so dd tdc
dung cia {P}. dé suy ra {P’}, trong bai
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Chuong 5. Tinh toan hé thanh
todn vi du nay. '

. hi s tong thé
Cu thé: .‘C i sO tong thé
, qa 0
- qa : 2
2 0 0
2
- 92 - g2
1
{P}(l) = - [ ={P’}(1) = = (
_ g L e
2 ‘ 2
2 0 0
gqa
i< _ 0
12 (D) , qa
12

(1)
Con {P}) = {0} nén {P’}, = {0} (do trén phan tu khong cd tai trong tdc dung.
4) Thiét lgp {P"} tir cdc {P’}y

Chi s& téng thé

NE
~9qa | 1
. (D 12 =, 2 -1
Dé thay: {P”} = . Hay Py = 42
qa2 . ‘ 12 1 1
-— 2
12

5) Giai hé phuong trinh hé thong:
S _— 4 2| |91 2 (-1
[K"H{q"} = {P”"} = EJ ’ =£{ }
a |2 8| |d2] 12 |1

Giai ra:

7.24 EJ |3
6) Hoan thién: Vé biéu dd noi luc:
(+) Phn ti (1): c6 ¢ = 0, s = 1: {Mg, = [Skpy{q’ oy

q’2 7.24 EJ

Q’ll__ 1 qa3J—-5

o o 1 0 o0 2

_EJ { 6a 0 —-4a’ —-6a 0 -2a2} g q a® -5 q a? [7]

a3 |—6a 0 9222 6a 0 43°

M,
M,

{M}y=

1)

w o o

(+) Phan t¢ (2): c6c = 1,s = 0.
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0
0 o0 2 0 o o
hv‘Il EJ 0 —-6a -—-4a 0 6a "232 q 33 3 q a2 r-' 6 ]
Mg, = = 2 2| = = }
M2], &% [0 6a 2a° 0 —6a da 7.24EJ (0 7.12 {3 ]
0
0

Biéu do momen udn (Mq) dugc vé tir két qua trén. (My) duge vé khi xem cdc
nut bi gadn cdng va céac phan td chiu tai trong tdc dung trén chiéu dai phan tu.

Biéu do két qua: (M) = (Mq) + (M) _

Céac bieu do6 moémen (My), (My) va (M) dugc cho trong hinh 5.20. Chu y la gia

) 2
tri cdc tung d6 bidu d6 can nhan véi hé s6 bing 32
7.12

a) b) : c)

Hinh. 5.20. Biéu do moémen uén. a) Biéu do (M. b) Biéu dé (M ). c) Biéu do n-rzomen (M)
5.3. KHUNG KHONG GIAN. '

Phan tu khung khong gian la dam

thing cé tiét dién khong, d6i ma trén . o %o 10
mit cdt ngang cua nd cd thé ton tai ca
lyc doc, momen uén trong 2 métrphéng
quin tinh chinh va momen xodn. Va
tuong Ung cdc bac tu do chuyén vi dac
trung cho trang thdi chuyén vi- bién
dang cua phan td dam 2 diém nut dugc eyt
thdy nhu trong hinh 5.21. Trong d6 hé

truc toa do dia phuong xyz gom truc x

la truc dam, y va z la hai truc chinh  Hinh.5.21. Phén ti khung khong gian va céc
cua mdt cdt ngang. - béc tu do.
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Vectd chuyén vi phan t& 2 diém nit la:
{abey={a1 a2 a3 94 95 a6 97 g9g a9 910 911 92}
Tr'“ig dé

q; vaqs: cdc chuyén vi doc truc dam va chi gay ra bi&n dang doc truc thanh.

Q4 vaqo: cdc géc xodn (quanh truc x) va chi lién quan dén bién dang xodn
thanh.
Qs va qg : chuyénvi thdng theo phuongtrucy ,
. i . chi gay ra bi€n dang udn trong mat phing xy.
de va q;g : goc xoay trong mit phang xy
q3 va gg : chuyén vi thdng theo phuongtrucz |

. . . , chi gay ra bi€n dang uén trong mat phang xz
. Q5 vaq,; : goéc xoay trong mat phing xz .

‘Nhu vay 12 bac tu do chuyén vi nay chi gay ra 4 nhém bién

va c6 thé xét rieng ré. Nén ma trin cdng phan td [K]e) c6 k

ic
sé dugc thiét lap tir 4 ma tran con gom 2 ma tran kich thudge (2
(4 x 4) nhu sau:

@) Bién dang doc truc (do q; vaq; ) Bai todn nay dd dudc xét & muc 1 bai 3.1
va ta dd cé:

a1 Qg7
EF 1 -1 91 |
[Ka](e) [ ] (5.31)

b) Bién dang xodn (do q4vaq,o) : Do chi c¢6 2 bac tu do nén ta gid thist ham
géc xodn 6,(x) 1a ham xdp xi bac nhat la (hinh 5.22b):
O(x) = a; + agx (5.32)

Va cing ‘theo ndéi dung cuda phép ndi suy ham goc xodn nay dugc ndi suy theo
cdc bac ty do lién quan la q4 vaq;,

0
6y = [N1{ | = [N {q}yosn (5.33)
qd10

% ..
I < € )
s/‘y" )
jr:/x o <
! ped

//
% 9
177 »

x -~ 9

4 ‘4&{%’7@

bed

%

Hinh 5.22.
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;mng dé [N] | (1 _. ?) [_1:_ ] :

Nhu (nao trmh bu'c ben vat ligu tru’o’ng no'p tidt dién thanh la tron, tl Ai" é biét:

de,
Trén mat cét ngang chi ton tai blén dang goc /yz =T —=X va Ung suﬁt tlép

dx
= G yy, (Pinh luat Hooke) . Vay ap dung cdc cong thuic trong chtio’ng 4 vao déy,

vdl {e} = {/yz} va {e} = [B] {q}xoén

véi [B] = 1 %ﬂ |

- _(_.5.34)

(r: khoang cdch tit tam dén di€ém khao sat)

{o} = {zy,} va {a} = [DKe}

véi [D] = [G] (G: modun dan hoi tru‘o’t cua vat 1iéu)
Cubi cung ma tran cung phan tu dng vdi cdc bac ty do {q}xoan la:
S _1
_ (s _ 2 Ll
[Kyoanley = J [B]" [D1(B]dV =6 dx r'dF §{ - =
v, | ER I
v -
d4 d10
GJd, | 1 -1 aa '
‘v’a" {Kxoanl(e z [ ] (‘5.35)
1 l—l 1J q10
g day Jx 1a momen quin tinh d9 cuc cua mat cit ngang.

Trudng hop mit cit ngang la chd nhat kich thude (a x b) thi J;, dugc tinh

biang J, = cab®. Trong d6 c 1a hing s6 dugc ldy theo bang sau va phu thuoc ty s6
ab véia =b

a/b 1 1,5 2,0 3,0 5,0 10,0
c 0,141 0,196 0,229 0263 0,291 0,312
¢) Bién dang udn trong mat phang xy (do {q},, = {42, 96, s , q12}T (hinh5.22d):
Nhu da xét trong muc 1 bai 5.2 ta cé:
92 g6 a8 412
12 61 —-12 61| 92
EJ 42" 61 21°| 6
ol | (5.36)
LAY 3 dsi xing 12 -61]| qg
“4 x4 ' 2
: 417 | q12
d) B g udn trong mat phazng xz (do {q},, = {_q;; , 495, 99 , qn}T) : Cidng tuong
tu nhu véi bién dang udn trong mat phdng xy. D& thay la (Hinh 5.22¢):




Chuong 5. Tinh toan hé thanh

- 9q3 g5 99 di11

(12 6l -12 '61] as
j O3 § 412 61 212 g5 :
— y -
Kooy | 3 [d6i xing 12 -6l qq (5.37)
. (4x4 1 2
4] J

ap tf 4 ma tran d6 cing (5.31) (5.35)

- (5. 36) (5 37) c6 duoc tu viéc xét dOC lap cdc nhém bac ty do chuyén vi khdc nhau.
Cuéi cung ta cé:

~

q 92 G qs qs 96 q7 qs 9o Q10 q11 q12
0 .

'EFA 0 0 ) 0 0 -EF1 0 0 0 0 q
B, o o o 6B, o _12J o o o 6EJ| q
B _ 12 ’ P 12
12EJ, - o _ 6EJ, o 0 0 _12EJ, o _ 6EJ, ¢ aQ
? 2 I 2

, 4EJ _ 632J 0 2EJ, o | g
K| o R ' 5.38)
(12x 12) : . - 4BJ, o 6B, o o o0 2B g N _

12EJ, 0 0 0 _SEJ| g

r : : 7
12EJ, o 6EJ, 0 | g
B 12
d8i xing _ GJ

—_—Xx 0 0_ G0

4_ELI¥. 0 qn
1
4EJ, qQ)2
. .
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na__ 1

Déy 1a ma tran ao cu‘i‘r‘ 5

i - X
dla phuong xyz cia phan td. Tuy hlén néi chun

299 L.os L
td” phai thu

Theo cong thuc (4.57) :
[K’L = [T]] [KL [Tl
Trong d6 [TL la ma tran chuyén hé truc toa d6, la ma tran vudng, kich thudc (12
x 12) :

PR -—

(n] [0} [0] (0]

[TL = O W [0 -
R (5.39)
101 {0 . n] - [0]
(0 [10i- [0 In]
3 day: Cdc ma tran con la cdc ma tran vu6ng(3 x 3). Cu thé,
| e o o]
[0] = 0 0 0
]o- 0o o]
- L, m n
[n] = 1y my, on | | (5.40)
L m.’ ',

trong dé I, , my , ng 12 cosin chi phuong cia truc x (truc pnan td va cing ila dudng

ij n6i 2 diém mit dau va cubi phan td),
ly, my ;yNy la cosin chi phuong cua truc y,

l,, m;, n, la cosin chi phll’dng cua truc z ldy d6i véi cdc truc x’, y’, z’ cia’
‘hé toa do t6ng thé ’

Y2 __ 2 _ ~Zn Lo 2A

[n] dudc goi la ma trdn bign d8i toa dd. N6 xdc dinh quan hé gida cdc toa dd
cia mot diém bat ky theo cdc hé truc toa d6 khdc nhau. Trong trudng hgp dang
xét, ta cé qua[n ‘hé gida cdc toa d0 dla phuong va cédc toa do t5ng thé la:

— .

x x o
y=I[nljy : : (5.41)
z z’ ' ’ :
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Xay du“ng ma tran bzen doi toa dé [n] theo toa do cde diém nuit

Dé thay ring, co thé tim du’dc nhanh chon.q ‘cdc cosin chi phudng cia tryc x
‘theo toa dd . cdc nut dau- (x,,y,, ) vA mit cubi (x.,,yJ J)-cﬁa

toa do tﬁng thé

véi 1 1a chidu dai phan t& va

L » 2 ’ 1 2 ’ . » 2
=\/(Xj—.xi) TO5-y) (2 -2 7
Tuy nhién d€ xdc dinh thanh phan con lai cia ma trdn [n] 14 cdc cosin chi

phuong cdc tryc y va déi véi hé truc téng thé x’y’z’ thi ta phai lan lugt thu’c hién
theo hai giai doan nhu sau

(6] giai doan dau, ta sé xﬁy dung ma tran [n1] m6 ta quan hé gita cdc toa do cua

hé truc téng thé x’y’z’ va cdc toa do cia hé truc trung gian x y z. Ma trong dé truc
z la song song vo’1 miét ‘phing toa do x’z’ (hinh 5.23a), truc x 1a truc phan t&. Khi
dé. :

x
y =)y (5.43)
Z

Trong glal doan sau, ta tim ma trdn [ng] biéu dién quan hé gida cac toa dd cua

‘hé truc trung gian xy z va hé truc dia phtto'ng xyz cuda phan td (cé cdc truc y va
z la cac truc chinh)
X

Y = [1'12]

—

(5.44)

N S| ® |

tZ (%
6] day c6é thé tudng tugng ring hé truc dia phu’o’ng xyz nhan dugc bing cich
quay hé truc trung gian xy z xung quanh truc x mét géc a nao dé (hinh 5.23b).

a

Nhu vay sau 2 budc nay ta tim dugc ma tran [n] xdc dinh quan hé giita cdc toa do

L. .

dia phuong xyz va hé téng thé x’y’z’. .

/k”

x
a. Tryc x = tryex, Tryc 2// my xZ'(céc_ _ b. Trudng hop t8ng quat, y va z khéng
‘tryc chinh y va z xem nhu trung vGi y , 2) tring véi y vaz.

Hinh 5.23. Cac hé toa db tdng thé va dia phuong va cac vecto don vi ciia ching.
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n] = [ny] [ny] . (5. 45)
Tu hinh 3.23a, cdc cosin chi phu’cmg cua truc x cing la cosin chi phuong cla
truc x phan td nhu di xidc dinh & (3. 42). Hay.

r—|

x’ - x°
p=l =371
yi — v’
m;=mx=""l" (5.46)
n‘=n,,=z,j_z’i.

—_

Vi truc z z la song song mat phang xz nén vecto don vi k la vudng géc vdi vecto
don vi _) va cing vudng goéc vdi vecto’ dcm v1 L , t& 46 chuing ta cé:

R - l’ J’ k,
i = _LXJ_: =1, m n|= l(—i—?nx+l?’ 1) (5.47)
' ' iX J’ | I d 0 1 0 d
L J
Trong d6: d = V 12 + n? (5.48)

Vav tu (5.47) ta tim dugce cdc cosin chi phuong cua truc z z d6i vdi hé truc tong
thé x'y’z’ la:

L=-—% m=0 n;=2X (5.49)

Dé tim cdc cos1=x’1 chi phuong cuda truc y, chung ta su dung ¢ diéu kién la truc y
(c6 vects don vi la j ) la vudng géc véi truc x (i ) va truc z ( k ). Do d6 ta cé thé
bleu dién j nhu tich cda 2 vectd k va i nhu sau.

e z m; n

i ki z Mz
i my ny
St dung (5.46), (5.49) ta cé:

2> 102 > ’
.ng[‘ (—lxmx)—J(—ni—-IZHk( mxnx>]

Vay cdc cosin Chl phuong cia truc y la:

= Iy my
y d
2 2
_ ny + Iy
my = (5.50)
d
_ myn,
n; = -
d
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(5.51)

- ll; m; an l ~n/d 0 1/d J
trong d6 1y, my, ngy da dugc xdc dinh bédi (5.42) va d bdi (5.48).
Dé tim [ng] ta chi cin nhé ring khi cdc truc dia phuong xyz cia phin t la

bat ky thi phép xoay quanh truc x géc a sé cho ta biéu dién quan hé gida 2 hé truc
xyz va hé tryc xy z nhu sau:

r b}

X 1 0 x
y{=1|0 cosa sina l;
) |z | 0 -—sina cosa ‘; |
Hay, ta c6
' 1 o0 0 ]
[nl, = 10 éosa sina , (5.52)
' 0 —sina cosa

Vay ma tran bién ddi toa do [n] 1a da dugc x4c dinh, bing cich s& 'dl_lng (5.51)
va (5.52). Va : '
[n] = [n;] [nyl]
Chi y:

1. Néu a = 0 thi ma trdn [ng] sé tré thanh ma tran don vi.

2. Khi phan t& thanh dang xét c6 phuong thing ding, tic la kh1 truc x (hay
x) la trung véi tryc tdng thé y’ thi cosin chi’ phddng cda né la. '

L=0,m=1,n, =0

¥

Hinh 5.24. Phén ti théng ditng va céc hé truc toa dd.
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thi gla tn céa d tmng (5 51) la bing 0 Dféu nay lam nhféu thanh ph?in trong ma:
-trdn [ng] la khﬁng xac dmh Vay viéc xdc dinh ma trin [n] nhu trén la khong thich
hop nita. ' o .
~ Tuy nhlen trutmg hdp nay lal dé dang xdc dinh duuc ma tran [n]. Néu g01 a
'la goc gida céc truc z’ vazva nim trong mit phﬁng nim ngang x’z’ (a 1a duong
khi quay tir 2’ dén z la nguge chidu kim dong hb (Hinh 5. 24). Cung dan ‘gidi nhu
,tréntasenhandlmcmatrﬁn [n] nhu’sau

0o m 0 |
M= |-mgost o msim| (553

. Gdtym =1tongtrwnghepunay.
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