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Trong chuong nay khdo sat hai dang vat thé c6 chiéu day rat nhé. V6 méng
tron xoay la vat thé dugc gi6i han gitta hai mat tron xoay tao béi hai dudng
sinh song song cung xoay quanh mot truc, khodng cach gitta hai mét rdt nho
so v6i cdc kich thudc va cac ban kinh cong ctia ching. TAm moéng 1a loai vat
thé dugc gidi han gitta hai mat phing song song v6i nhau, khodng cach giia
hai m#t phdng rat nhé so véi cac kich thuéc khac cla t&m. Khodng cach giita
hai mat tron xoay hoéc gitta hai mat phing néi trén duge goi l1a chiéu day cta
vat.

Doi v6i vo méng ta chi nghién ciu tac dung cta cic luc bé mait c6 tinh doi
xting truc. Truong hop tAm moéng sé dic biét quan tdm cdc truong hop tdm
tron chi chiu tdc dung clia cdc luc bé mat déi xing truc.

2.1. V6 méng tron xoay khéng chiu uén.

Mit tron xoay chia do6i bé day cha vé duge goi 14 mét trung gian cia vé. Pay
12 mat danh nghia d&€ mé ta va tinh toan vé.
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Hinh 3.1

Mt trung gian cia vé dugc hinh thanh béi mot dudng cong phang khi né quay
quanh mot truc ndm trong mit phang cta né. Mdi vi tri cia dudng cong dé
trén mit trung gian duge goi la kinh tuyén (meridian), mit phiang tuong Ung
duoc goi 1a mdt phdng kinh tuyén. Giao ciia cdc mit phang kinh tuyén 1a truc
doi xiing ctia mét trung gian.

Khéo sat mot mit nén c6 dinh trén truc d6i xing ctia méit trung gian va mbi
duong sinh ctia né vudng géc v6i mot kinh tuyén. Giao tuyén ciia méit trung
gian v6i moi mét nén nhu thé dudc goi 14 mot vi tuyén (latitude).

Hinh 3.1 biéu dién mot phan t& dién tich mét trung gian dugc gi6i han béi hai
kinh tuyén va hai vi tuyén lan c4n nhau. Vi tri kinh tuyén dugc xdc dinh béi
géc 0 tinh tir mot mét phing kinh tuyén nao dé; vi tri clia vi tuyén dugc xac
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dinh béi géc ¢ la géc ¢ dinh clia mot mét nén da néi ¢ trén. Tai diém bat ky
clia mit trung gian, mat phang kinh tuyén va mat phang vuéng géc véi kinh
tuyén 12 cdc mat phang do cong chinh, cidc ban kinh cong chinh tuong tng la
p1 va ps. Ban kinh cia vi tuyén ky hiéu la r. Vay chiéu dai cac canh cia phan
t0 dién tich trén hinh 3.1: p;de va rd® = pysinedf. Dién tich cia phan to:
p1pe2sinededo.

Trong nhiéu bai toan thuc t&€ vé vé6 moéng c6 thé bd qua cac Gng suadt uén, chi
can quan tAm dén cdc Ung suidt tuong ting v6i cdc bién dang trong mit phang
trung gian clia v6. Nhu vay cé thé gid thiét riang cac ung sudt phdn bé déu
theo chiéu day cia vo, tic la xem vo khong chiu uén. Ly thuyét tinh tng suat
trong vo mong duc trén gid thiét vo khong chiu uén goi 1a Iy thuyét khéng
moment, bai todn tinh cdc Ung suit trong véo méng theo ly thuyét nay kha don
gian.

Vi vé6 méng tron xoay chi chiu tdc dung cla cac tdi bé mit d6i xing truc nén
bién dang ciia vo6 ciing c6 tinh d6i xing truc. Doc theo bién ciia phan t6 khong
c6 cac Ung suat tiép, cdc ing sudt phap thi khong phu thudc vao toa do 6.

Céc thanh phan ung siut phap ky hiéu la o, va op, cdc thanh phan noi luc
tuong Ung tinh trén mot don vi chiéu dai bién cta phan t§ ky hiéu la N, va
Ng. Theo dinh nghia, ta c6:

N(P = 1h('5(p 5 Ne = thg (31)
trong d6 h 1a chiéu day cua vé.

Cuong do luc bé mat tac dong trong mit phang kinh tuyén dugc phan tich
thanh hai thanh phan Y va Z song song véi céc truc toa d Oy va Oz.

Phan t6 véo méng tuong Ung v6i phan td dién tich trén hinh 3.1 chiu tdc dung
cua cac luc sau:

Yp,p, sin oded6 = Yp,rdeod6 ; Zp,p, sin pded6 = Zp,rded6;

dN
Nyp,do; N p,sinedd = N rd6; [N(p - 3 : d(p)(r + ;1—rd(p) do
¢ ¢

Chiéu lén phuong tiép tuyén cia kinh tuyén tai O (truc Oy) tat ca céc luc trén:
. (do6
—2N,d¢sin (?) cos @ = —Np, cos edpd6

dN
N I 40d0 + 2 rdedo = i(rN )dode
*de do de ?
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Phuong trinh can bang cia phan t6 theo phuong tiép tuyén véi kinh tuyén cé
dang:

d N N Y (3.2)
E(r (p)— P cose+ Yp;r=0

Chiéu tat ca cdc luc 1én phuong phdp tuyén ciia méit trung gian tai diém giita
cia phan t6 dién tich ta thu dugc doi véi hgp luc cia cac luc ¢ bién trén va
bién dudi cia phan to:

2N, rd0sin (%pj ~ N rdedo
d61 v6i cdc luc ¢ hai bién bén trai va bén phai cua phan to:
2N ,p,dopsin (dz—ej sin @ = Nyp, sin ¢dd6

Phuong trinh can bang ctia phan t& theo phuong phdp tuyén néi trén cé dang:

N,r+ Nyp, sing + Zp,r =0 hay

& s Ny _ 7 (3.3)
P Po

Néu xét can bang cia mot phan vé (hinh 3.2), phdn nim trén vi tuyén xac
dinh bdi goc ¢, ta dugc:

2nNgsing + R =0 (3.4)

v6i R 14 hop luc cta luc bé mét toan phan tdc dung trén phan vé néi trén.

C6 thé dung phuong trinh can bing (3.4) thay cho phuong trinh cidn bing
(3.2). Néu xac dinh dugc N,, thi tir (3.3) ta sé xdc dinh dugc N,.

Nhu vay, trong ting trudng hop cu thé, bai toan xdc dinh Gng suidt trong vé
mong khong chiu udn sé gidi duge mot cach dé dang.
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2.2, Vai truong hgp dac biét cua véo mong tron xoay.
2.2.1. V6 hinh nén.

Xét truong hop vo hinh nén chiu luc tap trung P tac dung theo truc hinh nén
(hinh 3.3), tu (3.4) ta dugc:
P

27T COS O

N - -

¢

Vip; =wvaZ=0nén tu (3.3) ta c6: Ny = 0.

® y
N, !
Hinh 3.3 Hinh 3.4

Xét trudng hop vé hinh nén chia day chat 1éng cé trong luong riéng y. Ap
suat ¢ mic vi tuyén mn (hinh 3.4) duge biéu dién nhu sau:
p=-Z=yd-y)
Ngoai ra, ta c6 p; = o, pg = r/sing =(ytga)/cosa. Tu (3.3) ta thu dugec :
ytgo
N, = y(@-y)iE
cos o
Luc Ny dat cuc dai tai y = d/2:
_ yd*tga

Omax

N
4 cosa

Xét riéng phan vé Smn ta tinh dugc:
R = —nyy? (d -y + %) tg’ol

Tri s6 trén ding bing trong luong khoi chat 16ng trong phan vé nén Smn
cong véi trong lugng khoi chat 16ng trong phan hinh tru mnst. Tu (3.4), ta tim
duogc:
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2
vy(d - 3yjtga

2cosa

N

¢ =

Luc nay dat gia tri cuc dai tai y = 3d/4:
3 yd’tga

16 cosa

N -

@ max
Néu cédc phén luc tua huéng theo dudng sinh cliia vé thi cdc bi€u thic Ny va N,
tim dugc ¢ trén biéu dién su phan b Ung suit trong vé kha chinh x4c.

2.2.2. V6 hinh xuyén.

Gia st v6 hinh xuyén dugc hinh thanh bdi dudong tron ban kinh a quay quanh
truc thang ding (hinh 3.5).
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Hinh 3.5

Khdo sat su can bing cia phan vé dang vanh dugc biéu dién trén hinh 3.5 bdi
cung AB. Céc luc N, tai vi tuyén BB c6 phuong ngang nén khong xudt hién
trong phuong trinh can bing theo phuong ding, ta chi cAn quan tidm dén céc
luc N, tai vi tuyén AA.
Xét truong hop voé chiu tdc dung ctia 4p luc déu bén trong p. Phuong trinh can
bang theo phuong ding dang (3.4):
21N,sing = n(r® - b?)p
Do dé:

2 2
P(l“ -b ) pa(r+Db)

2r sin @ 2r

¢

Thay két qua trén vao (3.3) ta sé co:
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p(r-b) pa
2sin @ 2

N, =

2.3. Chuyén vi trong vé méng tron xoay chiu tai doi xing truc.

Bién dang cia vé moéng trong truong hop nay tat nhién sé cé tinh doi xing
truc. Ta c6 thé phan tich chuyén vi cia mot diém bat ky ra lam hai thanh
phan: thanh phan v theo phuong ti€p tuyén véi kinh tuyén va thanh phan w
theo phuong phép tuyén v6i mit trung gian.

Hinh 3.6

Xét phan to chiéu dai AB cta kinh tuyén (hinh 3.6). Ta nhan thay ring ca hai
thanh phan chuyén vi déu 4nh huéng dén do ting chiéu dai cla phan t6. Do
cac chuyén vi v va v + (dv/de)de cia hai dau A va B, do ting chiéu dai phan to
bang (dv/de)de. Céac chuyén vi w ctia hai ddu A va B tuy c6 khic nhau nhung
luong khédc nhau d6 1a vé cung bé bac cao, nén ta xem cac chuyén vi w cta hai
dau A va B 1a nhu nhau. Cé4c chuyén vi nay lam chiéu dai ctia phan té co lai,
do co biang w do. Luong thay ddi chiéu dai tdng cong ctia phan t6 AB:

dv do — wdo

de

Bién dang dai theo phuong kinh tuyén:

e = Ld_v — i (a)
’ p, do  p,

Néu xét bién dang dai theo phuong vi tuyén thi ta nhan thiy ban kinh r ctia
duong tron vi tuyén ting mot lugng Ar = vcosp — wsing. Chiéu dai cia dudng
vi tuyén ting mot lugng 2nAr, do d6 bién dang dai theo phuong vi tuyén:

€ =%(VCOS(p—WSiIl(p)
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Thay r = pgsing, ta dugc:

€ =lc0tg(p—E (b)

P Pe
Khtt di chuyén vi w tit hai hé thic (a) va (b), ta sé& thu duge phuong trinh vi
phan dé xiac dinh thanh phan chuyén vi v:
dv
o veot 8¢ = p;g, — Pyg, (©
¢

Ap dung dinh luat Hooke ta c6 thé bi€u dién cdc thanh phan bién dang ¢, va
g theo cac luc N, va Ny:

1

S(p :E(N(P_VNG); (d)
1

Eo = E(NG B VNcP)

Pem thay (d) vao (c) ta dugc:

d 1

d_g_VCOtg(P:ﬁ[Nw (Py +vPy) = Ny (s +Vp1)] (3.5)

Trong tiing trudng hgp riéng c6 thé tim duge cac luec N, va Ny tir dieu kién
chiu tai cua vé.

2.4. Phuong trinh vi phian ctia tAm méng chiu uén.

2.4.1. Khai niém va gia thiét.

2.4.1.1. Khai niém.

T4m 1a vat thé hinh dang phing c6 bé day h nhé hon nhiéu so véi kich thuéc
theo hai phuong con lai. Khi ti 1& h/¢ < 1/5, v6i ¢ 1a canh ngén, thi tdm sé duogc
xem la méng. Hau hét cac bai todn tdm trong k§j thuat déu thuoc loai tdm
moéng. Néu tdm c6 chiéu day 16n hon thi tré thanh bai todn td4m day hay dan
hoi khong gian.

Mit trung gian (mét gitta, mét trung hoa) 14 mat phang chia doi bé day tam.
V6i khdi niém miét trung gian, vat thé tdm ba chiéu dugec mo td thanh bai
toan hai chiéu.

2.4.1.2. Gia thiét.

Khi td&m chiu udén, chuyén vi theo phuong truc toa d6 z cia diém bat ky thudc
mat phang trung gian goi 14 d6 vong ctia tAm. Vi tri méi ctia mét phang trung
gian goi la mit trung gian khi uén. Néu d9 vong cua tdm c6 tri s6 nhd hon
nhiéu so v6i chiéu day ctia né thi ta thita nhan cac gid thiét sau day:
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1. Phap tuyén véi mit phang trung gian ludn vudng géc véi méit trung gian
trong sudt qud trinh bién dang. Piéu nay c6 nghia 1a bé qua bién dang dai
theo phuong phap tuyén: g, = 0. Gia thiét nay do Kirchoff dé xuat.

2. Thanh phan tng suat phap o, c6 tri s6 bé hon nhiéu so v6i cdc thanh phan
ting suat khac va c6 thé bé qua. Trong thuc t&, ing suidt phap o, 16n nhat
trong tAm bing véi tdi trong phan bo tdc dung 1én bé mit tAm. Tri s6 nay
thuong rat bé so v6i cac thanh phan Gng suit trong mat phang tam.

3. Mit trung gian khong bi co gidn khi tAm chiu uén.

4. Bién dang va do vong clia tAm bé. Gia thiét nay cho phép khdao sat su can
bang cha tdAm theo hinh dang hinh hoc ban dau va don gidn héa cac
phuong trinh todn hoc bang cach bé qua céc lugng vo cung bé bac cao.

2.4.2. Phuong trinh vi phan cda tAim méng chiu uén.
2.4.2.1. Phuong trinh hinh hoc.

Ky hiéu céc thanh phan chuyén vi cia diém trén mait trung hoa la u, v, w (w
dugce goi la do vong cua tAm). Géc nghiéng cua phdp tuyén véi mit trung gian
trong cac mit phing song song véi cdc mit phang toa do xz va yz la o va B
(hinh 3.7).

A X, U y, V A
zZ
B
a, W W
A?
- o B
u
Z, WV Z, WY

Hinh 3.7

Ta sé khdo sat cac mét cit clia tAm song song v6i cdc mat phang toa do xz va
yz nhu biéu dién trén hinh 3.7. Xét phdp tuyén AB v6i mat phing trung gian.
Khi chiu uén, AB sé c6 vi tri A’'B’ va A’B’ van vudng géc véi mit cong trung
gian. Theo gid thiét thi nhat, cdc thanh phan chuyén vi ctia diém B:

u =~ —ztga; v = —ztgp

Vi do vong w << 1 nén:
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tga = @; top = ow
ox oy
Do do
uzz . o W (3.6)
ox oy
Ap dung cong thic Cauchy (1.22) vao cac hé thic (3.6) ta nhan duogc
2 2 2
& =~ aax—‘gr; gy == aay—VQV; yxy =2z sxgvy (8.7)
2.4.2.2. Phuong trinh vat liéu.
X
y
M
Ty x
z A
. MYX Q |
M, 7/ ' \< X Ox
Qy
/ ¥ <« Txy
Tys Tx My
Oy
Hinh 3.8
Qy
M
Q My 7 My+(eMyox)dx
M, <
’ Z
M) /' ] ™ M,,+(6M,,/6x)dx
M, +(6M,/0y)dy, My +(6M,y/0y)dy
Q+(0Qy/0x)dx
Qy+(0Qy/0y)dy
Hinh 3.9

Dua vao gia thiét tha hai, ta thita nhan o, = 0. Theo dinh luat Hooke va (3.7)
ta duogc:

10
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Ez [82W 82W]_

o, =— +v
X 1_V2 6X2 2
% (3.8)
Ez (0w 0w
Oy =—7T—3 st V—5|;
1-v°{ oy 1)
Ez &*w

Ty —
Y 7 1+voxdy

Doi v6i tdm, cdc thanh phan nodi luc phan bo trén don vi chiéu dai duge dinh
nghia nhu sau:

® Moment uon M, la moment do thanh phan tGng sudt o, tdc dong trén mat
cit vudng géc v6i truc x tao thanh, 1am mét cit nay bi uén quanh truc toa
do y.

h/2 h/2 2 2
M, = chzdz:—j Ezz[avzv-i—vﬁvvazdz
“hy2 “hy2 1-vi| ox oy
Vi w la do vong cia mat trung gian nén w = w(x,y), do d6:
E 2 2 h/2 2 2
M, - - Zz(avzanvaV;’]Izdz:— 8V2V+V8V2V (3.9a)
1-v°{ ox oy 2 [9): oy
v6i do ciing udn tru ctia tAm:
Eh® .
D=-— (3.9b)

® Moment uon My 12 moment do thanh phan Ung sufit o, tdc dong trén mat
cit vudng géc v6i truc y tao thanh, 1am mét cdt nay bi udn quanh truc toa
do x.

h/2 h/2 9 9 5 )
My: J GyZdz:_I EZ2[8V2‘7+V8V2\’]ZdZ:_D(8V:+V8vzvj (3.10)
~h/2 Gpl=vi{ 0y ox oy OxX

® Moment x08n My, My, 14 moment do thanh phan Gng suit 1.y, 1y, tdc dong
trén mit cidt vudng géc v6i truc x, truc y mot cach tuong Ung tao thanh,
lam cac mét cit nay bi xodn quanh truc toa do x, y.

h/2 h/2 9 9
M, =M, =- j T,,2dz = I Ez 0w zdz = D(l—v) oW (3.11)
~h/2 “hy2 1+v OX

® Luc cit Q,, Q, 1a luc do thanh phan tUng suit t,,, 1y, tdc dong trén mat cit
vudng goc vdi truc x, truc y mot cach tuong ing tao thanh tao thanh.

11
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h/2 h/2

Q= [ t.ds Q= [ 1,d

“h/2 “h/2

(3.12)

Su phan bd cha cdc thanh phan Gng suit trén cidt tdm, sy hinh thanh cac
thanh phan ndi luc tir cac thanh phan Gng sudt va qui u6c chiéu duong cta céc
thanh phan noi luc trén cdc mit cit dugc minh hoa trén hinh 3.8 va 3.9.
2.4.2.3. Phuong trinh can bing.

Xét phan t6 vo cung bé nhu hinh 3.9, néu khong xét dén luc thé tich va bé
qua cac vo cfmg bé bac ba, ta chi c6 ba diéu kién can bang ctia phan to:

Q
@ O F = dedy+ 8yy dxdy +pdxdy = 0 (3.13)
0
a_Q(+&+p:O
ox oy
xy aMy
e O M, = dxdy o dxdy + Q,dxdy = 0 (3.14)
oM 8M
= - —24+Q,=0
ox oy Y
oM oM,
o DM =- ayy" dxdy + ~ dxdy - Q,dxdy =0 (3.15)
oM
_yx_a_M><+Qx -0
oy ox
Tut (3.14), (3.15) va st dung (3.9), (3.10), (3 11) ta thu dugc:
oM w8 “w
QX:@MX_ yx:_i D 8_2+V8_2 _i D(l_v)8
ox oy ox| | ox oy )| oy OX0y |
oM, oM [ (& 2w of “w |
Q =—2Y xy:_iDa_vzv_i_vé_vzV _i D(l_v)ﬁw
Yooay ox oy| \oy ox )| ox| OX0y |

Truong hop tdm cé chiéu day khong ddi (h = const) thi D = const, ta cé:
2 2 2 2
Q --pl|dWw ow Qy:_DQ 5\/2V+3V2V (3.16)
ox | ox? ay oy ox® oy

Thay cac hé thic trong (3.16) vao (3.13) ta ndhn dugc phuong trinh vi phan
cap bon doi véi do vong w:

12
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o*w o'w  d'w p
Tt2 st =
oX ox“oy® oy D

hay:

Viw = V2V2w = % (3.17)

v6i ky hiéu:

o o
V2 - —2 + —2

ox” oy
Phuong trinh cha dao (3.17) théa méan cdac phuong trinh hinh hoc, phuong
trinh vat liéu va phuong trinh can bing. Nhu vay bai todn uén tAm méng dugc
quy vé tich phan phuong trinh vi phan (3.17) va cdc hiang s6 tich phan sé dugc
xdc dinh tir c4dc diéu kién bién cta bai todn tdm.
Doi v6i bai todn tAm trén nén dan hoéi Winkler, vé phai ctia phuong trinh
(3.17) tré thanh (p — kw)/D, trong d6 k 14 hé s6 nén. Phuong trinh chi dao cta
bai todn tAm trén nén dan hoi c6 dang:

Viw = ViV3w = p—kw (3.18)
D

2.5. Phuong trinh uén tim moéng trong hé toa do tru.

M. _
i [ H)l.--~ .
! r - \
; Mre Mer MG \
I
i
@ \y

Hinh 3.10

Nhu da thiét 14p ¢ muc 4.1 cta chuong 4 trong tai liéu Ly thuyét dan hoi, d6i
v6i bai todn trong hé toa do cuc (bai toan hai chiéu trong mat phang vudng
gbc vdi truc z caa hé toa do tru), toan ti Laplace c6 dang:

* oo 10 18

ox? oy* o ror r?00°

V2 =
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

Do d6, phuong trinh chu dao cha bai toan uén tAm mong sé c6 dang:

02 10 10%2)\6% 10 1 62 0
VWVW=| —— e — || e — weP
(‘%2 ror r? OGZJ[arZ ror r? o0% D (3.19)

Tai cdc mét cit v6i cdc phdp tuyén r va 0 ta ky hiéu cdc moment udn tuong
ting 1a M,, My, va moment xodn 1a M,o. Gid st riang truc Ox trung véi phdp
tuyén r, lic d6 cac moment M,, My va M, c6 nhiing cong thic xac dinh tuong
tu nhu cdc moment My, My va My, (hinh 3.10).

St dung céc cong thic bién d6i hé truc toa do (d), (e), (f) § muc 4.1 cia chuong
4 trong tai liéu Ly thuyé&t dan hoi va cho 6 = 0, ta nhan dugec:

2 2
M, - -p| IV 0w iy 1aw 18 ow
or? 8r 2 60

2 2
M, = D(18W+l6 W+V8 W};

or  r? 002 or?

10°w 10w
Me =D(1- V)[ oro0 aeJ

Bang cach tuong tu, tir (3.16) ta thu duge cdc cong thic xac dinh cac luc cit:

2 2
Q =-D— 0 [a Jow 10 Wj——Dg(V2W);

(3.20)

f or or® ror r? o0 or
2 2 (3.21)
1a(aw 10w 1an__D1a(VW)

t——t—
o ror  r?ae? r 00
Nghiém téng quat ctia phuong trinh (3.19) nhu sau:

W = Wy + W1

trong d6 w, 14 modt nghiém riéng cia phuong trinh (3.19), w; 1a nghiém téng
quat clia phuong trinh thuin nhat:

VAViw, =0 (3.22)

Nghiém tong quat ctia phuong trinh (3.22) c6 dang:

w, =R (r)+ > R\ (r)cosno + > R (r)sinne (3.93)
n=1 n=1

0 o 1ix e .
Nghiém RE, ) (I‘) chi phu thudc ban kinh r, biéu dién uéndoéi xing tém tron.
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

Thay nghiém (3.23) vao phuong trinh (3.22) ta dugc phuong trinh:

2 2 2 2
d_2+1£_n_2 d_2+1£_n_2 Rg}k)zo
dr rdr r dr rdr r

trong d6 k = 0, 1, 2. Nghiém téng quat ctia phuong trinh nay c6 dang:

# Khin = 0: Rgo) (r) = Ag +Byr? + CyInr+Dyr? Inr (3.24)
k)
@ Khin = 1: RY (r) = Alr+ B + C% +D{rinr (3.25)
(0 0. BN e o
# Khin > 2: R1 (r):An r +r—n+Cn r +Dn (3.26)

Céac hang so6 tich phan Aﬂk),B(nk),Cﬁk) va Dﬂk) sé dugc xdc dinh tiu cac diéu
kién bién cia tam.
2.6. Piéu kién bién.

Phuong trinh vi phan chu dao cia tdm moéng chiu uén (3.17) viét cho do vong
w, nén cédc diéu kién bién dong hoc ciing phai dugc biéu dién cho w. Cu thé, ta
s& xac dinh diéu kién bién cho canh x = a nhu trén hinh 3.11, Gng véi 3
truong hop canh tua don (khép), ngam va tu do.

2.6.1. Canh tua don.

At

Hinh 3.11

v A

Chuyén vi ding va moment uén doc theo canh tdm tua don bing khong.
Taix =atacé:w=0va
O*w ézwj

P +V8y2 =0

M, :—D[
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

Vi w = 0 doc theo canh x = a, tic 1a ow/dy = 0 hay 6°w/dy* = 0. Do d6, diéu
kién bién tré thanh:

w =0 va o*w/ox” = 0 (3.27)
2.6.2. Canh ngam.

Taix=atacé:w=0vaowox=0 (3.28)
2.6.3. Canh tu do.

Néu tai canh x = a khong c6 tai tap trung thi tai d6 ta sé& c6 cac diéu kién
bién tinh hoc: My =0 (1); Mg =0 (2); Q=0 (3).

Chi can hai trong ba diéu kién bién tinh hoc trén 1a dd xéc dinh do vong théa
man (3.17). Su du diéu kién bién 12 do dung gid thiét 1, xem phdp tuyén vudng
gbc v6i mit trung gian trong qua trinh bién dang. Thuc ra, néu quan tam dén
bién dang trugt thi phdp tuyén sé khong vudng gbéc v6i mit trung gian trong
qua trinh bién dang. Luc nay phuong trinh cha dao (3.17) sé& c6 bac sdu, cé
nhiéu hing s6 tich phan va cac diéu kién bién tinh hoc trén tré nén da. Tuy
nhién bai todn sé& phic tap rat nhiéu. Vi vay dé phu hop vé6i giad thiét 1,
Kirchoff da két hgp hai diéu kién bién (2) va (3) thanh mot diéu kién (2’) véi
lap luan dugc trinh bay sau day va dugc minh hoa trén hinh 3.12.

b

y‘/Rl(O,b) R=2M,,(a,b)

Hinh 3.12

Xét canh x = a cla tdm. Trén phan t6 chiéu dai dy c¢6 moment xodn M,,dy
dugc thay bang ngiu hai luc ddng c6 tri s6 M, v6i cdnh tay don cia ngéu la
dy. Trén phan t6 chiéu dai dy ti€p theo c6 moment xodn [M,;+(6M,,/dy)dyldy
cling dugc thay béing nglu hai luc ding c6 tri s6 [M,,+(6M,,/dy)dy] véi canh tay
don cua ngau 1a dy. Tai diém A c6 hgp luc 1a (6M,,/0y)dy c6 chiéu huéng 1én
(ddu am).

Néu két hgp Qx va moment xoén M,; thanh mot luc ding, ta c6 diéu kién bién
trén canh x = a nhu sau:
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

oM )
oy
Viét lai (1) va (2”) theo dd vong w, dung (3.11) va (3.16) ta c6:
2 2

8V2V+V8V2V _0 (3.29)

OX oy ) .
[ A3 3

W 2o 2| g (3.30)
| OX oxoy” | .

Néu tdm tua don trén cdc canh thi luc ding chinh 12 phan luc tdc dung lén
bién. Tai géc tdm, luc tap trung do moment xoén trén hai canh truyén xudng
la R = 2M,,. Khi tdm bi vong, géc tdm c6 xu huéng chuyén vi di 1én, luc tap
trung nay cé tdc dung ddm bdo diéu kién chuyén vi ding bang khong.

2.7. TAam chi nhat tua don bon canh - nghiém Navier.

0 a

| Y

b

y Y
Hinh 3.13
Khdo sat tAm chit nhat tua don bén canh (hinh 3.13), chiu tdi vudng géc véi
mit tAm theo mot qui luat cho trude p = p(x,y).
Phuong trinh vi phan cia méit trung gian bi vong c6 dang (3.17):
0w o'w_ o'w _p(xy) (3.31)

+2
ox*  oxPoy® oyt D

v6i cac diéu kién bién:

w=0vad’wiox>=0taix=0vax=a.

w=0vad’wioy’=0taiy=0vay=h. (3.32)
Ham do vong dugce chon theo chudi Fourier théa cac diéu kién bién nhu sau:
O . MnX . N
w=> > A sin ™ sin Y (3.33)
m=1 n=1 a b
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

Khai trién tdi tac d()ng p(x,y) theo chudi Fourier:

o0 o0 . n
( ) Z Z a_ s X sin ™Y (3.34)
m=1 n=1 b
Nhan hai v& v6i gjy ™M™ oin n';ty va tich phan:
a

ab
”p x y smmnx sin nry dxdy = "
:9 b (*)

a
w o ab i
Zznamn n X gjn M X i MY sinn;Ey dxdy
00

m=1 n=1 a a b

Chu y rang
a , 00 m=m’

mnax . m'mx
Ism sin dx =<g ,
0 a a E, m=m
b . 0, n#n’

nax . n'mx
jsm sin dy =<b
0 b —, n=n

2

Do d6 vé& phai cia biéu thic (*) bang (ab/4)am,. Tur d6 suy ra:
nny dxdy (3.35)

ab
a_ = %Mp(x,y)sin M sin

Dé xac dinh A, ta thay (3.33) va (3.34) vao (3.31) ta cé:

N SRRIGEGIRS

m X sin nmy _ 0
a b

Vi phuong trinh phdi ding v6i moi x, y nén mdi s6 hang cia chudi phdi bing
khong, nghia la:

9 2

m n a

AmnTE4 £_2 + b_zj -—+=0 hay
a

A :1 a.,

mn 4 2
"D mz N n2
a? b?

18
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

Thay két qua trén vao (3.33) ta thu dugc:

© @ (3.36)
1 a . mnX . n
w(x,y)=—=>.>, mn_sin ™ sin Y
D r v mz_i_n2 a b
a® b’
Truong hop déac biét p(x,y) = const = p, tu (3.35) ta co:
_ 16p v6i m, n 18 (d6i xing)
amn )
mT'mn
mn = 0 v6i m, n chdn (phan do6i xing)
Phuong trinh mét trung gian khi bi vong:
v o (3.37)
16 1 . mMaxX . N
w(X,y)= 6p > > -sin ™ sin 1Y
D nTa5nitss m?2 n? a b
mn| — +
a b

a b _16p 0 0 (_1)7_1 (338)
W 3.2) - 228 > 3

Chubdi hoi tu rat nhanh nén chi can 14y vai s6 hang dau cida chudi. Véi v = 0,3,
tAm vudng a = b, 14y bon s6 hang dau ta cé:

a a*

a
w —,— |=0,0443

Biéu thdc clia moment uon:

a2 W2 3.39)
1 o & a’ b mnx . N (
M, = 64p > > _sin——sin y
T mI35n135 [ 2 p? a b
mn| — + —
a b
w w 2 T2 (3.40)
a b X . N
My:% Z z 23|anc sin Y
T mI35n135 m? n? a b
™2 Ty
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

Moment u6n 16n nhat ¢ gitta tAm. V6i v = 0,3, tdm vudng a = b, 14y nim so
hang dau ta cé:
ab ab 9
M, .. =M, (E’Ej =M, (E,EJ =0,0479pa
Can nhéc lai rang, ndi luc trong tAm 1a nodi luc phan bs trén mot don vi chiéu
dai.
q=pa

/

~—_ __—
0 Lﬁaz/s T,

! : !
Hinh 3.14

So v6i tAm vudng tua trén hai canh nhu hinh 3.14 va s dung két qua cta ly
thuyét dam, ta cé:

_ga® _ga_pa’ _ 2 _
max(ddm) 8a - 8 - 8 _0’125pa _2’61Mmax(té'm)

Nhu vay ndi luc trong t&m boén canh lam viéc hai phuong nhé hon nhiéu so vé6i
tAm lam viéc theo mot phuong, nén c6 thé lam méng tdm hon so v6i tAm lam
viéc theo mot phuong.

2.8. Tam chit nhat tua don bén canh - nghiém Lévy va Nadai.

Khdo sat lai tAm chii nhat tua don bon canh (hinh 3.15), chiu tai phan bo déu
vudng géc véi mit tAm p. Hé truc toa do chon nhu hinh vé.

Lévy chon nghiém dang:

= . MmmnX
w=>Y, sin"— (3.41)
m=1 a

Ym = Yu(y) 12 ham don bién y va phdi théa man diéu kién bién tai y = + b/2
va phuong trinh méat do vong:

Viw = V2V2w = % (@)
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

-b/2
o) a X
b/2
y Y
Hinh 3.15
p
/
\ /
7 N D
| a |
I I
Hinh 3.16

Nddai (1915) da chon nghiém hgi tu nhanh hon c6 dang:

W = W1 + Wy

trong dé6 w, = ZZD (X4 _9ax® 4+ a3x)

la d6 vong cua dai song song vdi truc Ox, thoa phuong trinh (a) nhu minh hoa
trén hinh 3.16. w; 12 nghiém riéng khong thuan nhat ctia phuong trinh (a), w,
14 nghiém thuan nhAat, tdc 1a théa man phuong trinh:

Viw, = V*V?w, =0 (b)
Chon wy theo (3.41) va thay vao (b), ta c6:
o 2 _2 4_4
m m . MmnX
> [Y,Lv—z UBRVIL ijsm ™ _ o (©)
m=1,35 a a a

m 14y tri s6 1é do tinh d6i xing cia mit vong do6i véi truc x. Vi (c¢) phai théa
man v6i moi X nén:
m’n”

a’ a

vy (@

4 m

YV -2
Giai phuong trinh vi phan cdp bon (d) ta thu dugc nghiém:
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

4
Y, :pg (Amcoshmny+B M sinp MY

" a " a a (3.42)
.. m m m
+C,, S|nh—ny+Dm—nycos _ny]
a a a

Vi mit vong doi xing truc x, nén C,, = D, = 0. VAy mit vong c¢6 phuong trinh:

Py
24D (x 2ax® +a x) (e)
+pa Z(A cosh™ B, MY sinh ™ nyjsinmnx
D &= a a a a
Céc hang s6 A, va B, dugc xdc dinh tir diéu kién bién trén cidc canh y = + b/2:
w= 0 va (8°w/oy?) = 0 (f)
Khai trién w; theo chudi Fourier:
P 4pa* & 1 . manx (g)
w x* —2ax® + a’x sin
"7 24D ( ) °D mzl m°® a

thay (g) vao (f) va dung thém ky hiéu o, = mnb/(2a), ta sé thu dugc hé phuong
trinh:

4 .

—— +A,cosha_  +a,B, sinha =0 (h)
mTm
(A, +2B,)cosha,, +a,B, sinha, =0

Giai hé phuong trinh (h) ta xac dinh dugc cdc hang s6 A, va By

Am :_2(0L5m tfnham +2); Bm _ 2 (i)
n°m’ cosha,,

n°’m° cosha

Thay (i), (g) vao (e) ta ¢6 phuong trinh méit vong:

4 o
4pa Z 1 [1_ocmtanhocm+2 20cmyJr

cosh
D 2Zim° 2cosha,_ b (3.43)
o 2y

0 20,y | . mnX
+—m  ~Z sinh sin
2cosha,, b b

Do vong gitia tdm (x = a/2, y = 0):
m-1
4 = (_1) 2 .
W dpa Z( ) (1_amtanham+2j G)

D &~ m° 2cosha,
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

» . . 4
Chudi tht nhat trong (§) hoi tu dén _© P&

384 D
m-1
w .5 pa* 4pa’ i(—l) o, tanho +2 (3.44)
ma 384 D D & m° 2cosha,,

Chubi hdi tu rat nhanh, véi tdm vudng a = b ta co:

pa’

4 4
O _Pa__4Pa (4 68562 0,00025+ ) = 0,00406 =

w =
m* 384 D =D
(Mmax = 0,0479pa®, (M) pax = 0,0479pa’

Nhu vay nghiém Nddai trung véi nghiém Navier nhung hoi tu nhanh hon.

Céc bai toan tdm cé hinh dang, diéu kién bién va tdi trong khac nhau dugc
giai va trinh bay du6i dang bang tra trong tai liéu Theory of Plates and Shells
cua S. P. Timoshenko rat tién lgi trong viéc thiét ké.

2.9. Bai toan déi xing truc cia tam tron.

Xét tAm tron ban kinh a, lién két tua hodc lién két ngam doc theo bién tron
chiu u6én béi tdi phan b6 déu doi xiing quanh truc vudng géc tdm véi cuong do
p.

Do tinh d6i xtng truc, d0 vong w = w(r) 1a ham don bién r va khong phu thudc
0. Phuong trinh vi phan chiu dao dudi dang toa do cuc (r,0):

2 2
¢ 1d) 19} ©.43)
dr® rdr )l dr® rdr D
Nghiém cua bai toan (3.43) sé tim dudi dang:
w(r)=w,(r)+R\ (r) (1)
Trong d6 w, la nghiém riéng caa (3.43) va c6 dang:
W, = P (2)
64D

Con nghiém RE)O) (r) c6 dang (3.24), nghia la:

w(r)= A, +Br? +C,Inr+D 2 Inr + —P—r
( ) 0 0 0 0 64D (3)
Thay (3) vao (3.20), (3.21) ta chi c6 cac thanh phan noi luc M,, My, Q, vi cac
thanh phan noi luc phdn d6i xting khac biang khong. Cac thanh phan noi luc
dugc biéu dién theo do vong:
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

2
M, :_D(d w +v dw}

dr® r dr
) (3.44)
I\/Ie =-D ld_W d V2V :
rodr dr
o _pd[id( dw
dr{rdr{ dr
Dua vao (3.21) tai mét cat r ta cé:
D
Q, =-D P g0 4)
2D r
M,
| M, +dM,
i Qr dI' : (\
! r I
! o M. L
i [ -7 | S| dO(r+dr)
[ - \
: M9+dM9Q v Qr+er
| \
| rdo
|
Hinh 3.17
Tu diéu kién can biang clia phan tAm tron ban kinh r ta cé:
Q, =P (5)
2
Do dé6: Dy =0 (6)
Tai tAm tdm (r = 0) d0 vong phai c6 gia tri xac dinh, do dé budc:
Co=0 (7)
Nhu vay:
w(r)=A, +B,r? + P
(r)= Ao +By* + =5 (3.45)

Hai hang s6 A, va B, dugc xac dinh tir cac diéu kién bién cu thé cta bai toan.
2.9.1. Bién ban kinh r = a cé lién két khép.

Diéu kién bién cta bai toan:
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

_ o*w 16w 1 *w
w(a)=0; Mr‘r:a = —D{—@rz +v( P + 7 0P ]:l =0 hay
r=a

d®w v dw (3.46)
w(a)=0; >+ v =0
dr rdr) .
Hai hiing s6 A, va By dugc xdc dinh ti hé phuong trinh sau:
A, +Bja?+-Pa'=0
64D
8
2B, + P a? 1 v| 2B, +P—a? |- 0 ®)
16D 16D
Giai hé phuong trinh (8) va 14y két qua A, va By thay vao (3.45) ta sé dugc:
P 2 9+V 2
Wir)=——(a —r a —r
(N=245( )[‘Hv j (3.47)
Do vong cuc dai tai tAm tam:
5+v pa’
Wiax = W(0) = (3.48)

1+v 64D

Thay két qua (3.47) vao cong thic dau cta (3.8) ta tim dugc thanh phan tng
suat o,
3 (3 + V) pz

= ~(a®-r?) (3.49)

Tai tdm tam, thanh phan Ung suit o,:

3(3 + v) pa’z

cyr‘r:O = 32 h3 (350)
Loi gidi chinh xac ctia thanh phan Gng suit o, tai tam tam:
o _3(3+v)pa22+2+v z° 3z

0”32 p® " 8 (n® 5h (8:51)

So 4nh hai két qua trén ta nhan thdy s6 hang b sung trong 16i gidi chinh xac
1a bé so v6i s6 hang co ban. Thi du véi v = 0,25; tai z = h; chiéu day ctia tdm
bé hon nhiéu so véi ban kinh: 2h/a = 1/20, 1/10, 1/5 thi s6 hang b6 sung tuong
ting bang: 0,94%, 3,8%, 15% sb6 hang co ban.

Céc biéu thic moment nodi luc:
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

M —£(3+v)(a2 —r2)

" 16
_p 2 2 (3.52)
M, = E[(3+v)a —(1+3v)r* |
Moment cuc dai tai tAm tdm r = 0:
3+v
Mrmax = Mr‘r:o = Memax = Me‘r:o = 16 pa2 (3.53)

Céc biéu d6 moment M, va My dugc biéu dién trén hinh 3.18.

p

/

) My=(pa®(1-v)/8)

2, =7
M, M,
M,=M,=(pa®(3+v)/16

2a

Hinh 3.18

2.9.2. Bién ban kinh r = a ¢6 lién k&t ngam.

Piéu kién bién cha bai todn trong truong hop lién két ngam doc theo bién
tron ban kinh a ctia tdm:

w(a) = 0; (dw/dr),.,=0 (3.54)
Thay (3.45) vao (3.54) ta thu dugc hé hai phuong trinh x4c dinh hai hang s§ A,

va Boi

A, +B,a% +——a* =0
64D

9)
2B,a+-——a’ =0
16D

Giai hé phuong trinh (9) va 14y két qua A, va By thay vao (3.45) ta sé dugc:
p 2 2)\?
w(r)=——(a®-r
(=75 4D( ) (3.55)

Do vong cuc dai tai tAm tam:
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Chuong 3. Vo méng tron xoay khéong chiu uén. Uén tim méng.

4

pa
Winax| o = 64D (3.56)

Néu v = 0,3, ta thay do vong cuc dai tai tdm tdm c6 lién két goi ¢ bién 16n
hon 4,077 1an so v6i trudng hop lién két ngam & bién.

Céc biéu thiic moment noi luc:

_ P 2 2
M, —E[(1+v)a —(8+v)r ]

_p 2 2 (3.57)
M, —ﬁ[(1+v)a ~(148v)r* |

Céc biéu d6 moment M, va My dugc biéu dién trén hinh 3.19.

p

N / M,=pa?/8

m — 7, My=vpa%/8
M, M, X

M,=M,=(pa(1+v)/16) ‘

AR

2a

Hinh 3.19
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