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Doi tugng khio sat trong chuong nay la cdc vat thé tron xoay bi bién dang
du6i tdc dung ctia cdc luc bé mat d6i xing vé6i truc tron xoay clia vat, con cac
luc khoi bing khong. C4 truong dGng sudt va trudng bién dang cha bai todn
loai nay déu c6 tinh do6i xing truc. P& thuan lgi vé todan hoc, ta sit dung hé toa
do tru r, 0, z. Cac thanh phan chuyén vi tuong Gng véi cac toa do tru 1a u, v,
w; cdc thanh phan bién dang 12 e, €, €, Vro, Yrz, Yz0 VA cdc thanh phan tng suit
1a oy, Go, Gz 165 Trzs Tao-

2.1. Cac phuong trinh tong quat.

Céc phuong trinh can bang cla phan t6 thé tich trong hé toa do tru duge thiét
lap tuong tu nhu phan 4.1 cla gido trinh Ly thuyét dan hoi nhung c6 b sung
thém hai thanh phan Gng suit tiép 1, va 1, trén mit vudng géc véi truc toa
do z. Khi khong c6 luc khéi, ba phuong trinh vi phan can bing c6 dang:

do, 101y, N 0t,, ©,— 0y _ 0

or r 06 0z r

0T, N 1609 n 07,9 " 2Ty -0 (2.1)
or r 00 0z r

ot,, | 101y, N oo, LSz

or r 00 0z r
Trong méit phang toa do (r, 0) cac thanh phan bién dang va cdc thanh phan
chuyén vi lién hé v6i nhau theo céc hé thic (1.13), (1.14), (1.15) cia gido trinh
Ly thuyét dan hoi; ba thanh phan bién dang con lai &, yus, Ys0 ta c6 cdc hé thic
tuong tu (1.22). Céc cong thic Cauchy vé bién dang trong hé toa do tru:

:8u; _u lév; 8:6_W
" or " r roe Z oz
g, = iH VY, (2.2)
" ro0 or r
ou Ow. ov 1ow
VYoo = ’ +=

+ = —+——
oz o ® % roe
Pinh luat Hooke trong hé toa do tru:
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1
g, :E[cr ~v(og+0,)];

€ = %[Ge — V(GZ + Gr):|; (2.3)

1
g, :E[cz -v(o, +09)};

Tro . Toz . Tar
Yo =~ Yoz ="~ Yzr = A
ro G 0z G zr G
Hoic trong moi quan hé nguogc lai cia dinh luat Hooke van theo dang (1.112)
v6i chi ¥ cac chi s6 i, j, k 1an lugt 1a r, 0, z, con dai lugng O tinh theo cong
thic sau day:

10 1ov ow
O=c¢;=¢ +¢gy+g, :——(ru)+——+— (2.4)
ror ror oz
Trong hé toa do tru cac phuong trinh tuong thich sé c¢6 dang:

10%, 18(r2 589)‘ ds, _10°(rva) _

roe® ror or ) or r oree
0%, 0%, 0%y,
> T 2 =
0z or oroz
2 2
0 826 +l28 822 +1882 _18(6yw+ rzj:o
0z r< o0 ror roz\ 00

_2azsr+a(wvvez)j_wz(rzvre)_ o* (v]o

r 000z oz\r or r?  oroz oroo\ r
o(r 2 o2 (r 0% (r

2r£ Sr_ (89) _ay2r2+ (YGZ)+ (yer):

0z or 00 oroo 0200 (2.5a)
2 2 2 2
or © (aszr@ere_r 0 (y"zj—1ayfz:0

oroo\ r 0z 0200\ r r 000z

Két hop v6i (2.3) va (2.1), phuong trinh (2.5a) c6 dang:

4 ot 1 0%c
V3% - S (o —0,)— =10 -0
oz (o) G Ty o
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2 4 ot 1 10 10
Vs, +=(o, — -0y | Z4-—|c=0
o r(cjlr %) r> 00 1+vr(8r ranJG
1 6%
Vi, + ——— =
2 1+v gz2
> 1 0 (100 2 0 4 B
Vv Tre +ma F% +r—2%(0r—09)—r—zfre—o
2
V2r, + 1 18(5+£2812r_r92220
1+vro6oz r= 00 r
1 0°%c 20t T
Ve, +— e R < 2.5b
2 1+voroz 2 90 2 (2.5b)
trong do:
G =0,+0y+0, (2.6)
2 2
v2 - li(r3j+ia_+a_ 2.7)
ror or) r?00% 622

Tiu céc phuong trinh can bang (2.1), dinh luat Hooke (1.112) va cdc hé thic
Cauchy (2.2) ta sé thu dugc ba phuong trinh can bang theo cic thanh phan
chuyén vi trong hé toa do tru:

00 on, O 3

(k+2u)ra—2u( o —a—z(rme)J—O .
100 on, 0w

A+ 2u)-— -2 1oz 12

(A+20)7 58 “( oz or j
00 0 ow

A+2u)r—-2u| —(roy)—-—= =0

(r+2u)r “(ar(we) aej

trong dé cac ky hiéu:
- vE =G = E ;
(1+v)(1-2v) 2(1+v)
o = [ OW _ovy. o _1fou_ow),
"orlee oz) Y 2\lez eor) (2.9)

o, = g(rv) _
Z 2rlor 00
Trong bai todn déi xding truc, cdc phuong trinh trén sé& don gian hon rat nhiéu
1a do:
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u=u(r,z); v=0;, w=w(rz)

Lic nay céc cong thic Cauchy (2.2) vé bién dang trong hé toa do tru sé cé
dang:

ou. u. OW
Sr = ’ Se = gr = ’
or r 0z
er - a_u + a—W; Yre - yZe = 0 (210&)
0Z Or

Theo dinh luat Hooke, ta suy dugc:

TrO — TZG = O; Trz = Trz (r7 Z);

(2.10b)
o, =0,(r,z); 0, =0,(r,2); 0, =0, (1,2)
Hé phuong trinh can bang (2.1) bay gid chi con:
0o, +8rzr L% =% _ g
or 0z r 2.11)
a’ICI'Z + 6(SZ + Trz — O
or 0z r
Hé phuong trinh tuong thich (2.5b) c6 dang:
1 %6 2
Vo, + —2——2(or—oe)=o
1+v or r
1 100 2 (2.12)
Vi, + ——+—(0,—-04)=0
" 1+vror r2(r 9)
1 8%
VZGZ + —c; =
1+v 0z
1 02
v, °© _lz_g

1+ v oroz - r2

2 2
v6i todn ti: 2 — 8_4_1&4_8_
or® ror  9z2

Hé phuong trinh can bing (2.8) trong bai todn ddi xing truc:
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8@ 2u Owg 0
(k +2p) 0z (2.13)

00 2u 10
— - =0
0z (A+2p)ror (roo)

trong d6: @ = ¢, = li(ru)_y ow (2.14)
ror 0z
Két hop hai phuong trinh (2.13) ta dugc:
0(10 0°
( (r(x)e)j-f- a;e =0 (2.15)
or\ror 0z

Giai phuong trinh vi phan (2.15) ta tim dugc nghiém 0y thay Wy vao mot

trong hai phuong trinh (2.13) ta xdc dinh dugc ®. Hai thanh phan chuyén vi
u, w dugc xac dinh tu hé hai phuong trinh:

(8_u_6’_Wj: 20,

oz or
(2.16)
10 oW
ru)+—=0
ror 0z
Tir (2.16), ta thu dugc phuong trinh vi phan xac dinh thanh phan chuyén vi u:
2
0
010y |+ LY Z 09 , 0O 2.17)
or\ror oz 0z or

Khi da xac dinh dugc u tu (2.17), ta sé dua vao mot trong hai phuong trinh
(2.16) dé tim thanh phan chuyén vi w.

2.2. Haim d@ng suat A. E. H. Love.

D61 v6i bai toan d6i xdng truc, nguodi ta dua vao ham hai bién ®(r,z) sao cho
cac thanh phan tng suit sé dugc xac dinh theo ham ® nhu sau:

0 o°d 0 5. 106D
or = az£ or ] %o az(V r@rj (2.18)
0 o°D 0 5 0D
-l (2-v)V®»-Z— -2 (1-v)V2D -2 —
o2 e-vie- L2 |, -2 (-yvio- 22|
2 2
vé’i:v2:a_ 12 8
or?2 ror 72
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Ham @(r,z) dugce goi 1a ham Ung sudt A. E. H. Love.

Céc thanh phin Gng suat xdc dinh theo (2.18) théa man phuong trinh can
bang (2.11), con phuong trinh can bing thd hai sé c6 dang:

82 o 62 V20 - V4D - 0 (2.19)
ar r@r 82

v6i V* = VAVZ,
Néu ham ®(r,z) théa man phuong trinh diéu hoa kép (2.19) thi cdc thanh phin

ting suat dugc xac dinh theo (2.18) ciing théa man cdc phuong trinh tuong
thich (2.12).

Tém lai, viéc gidi bai todn d6i xding truc rot cudc 1la tim nghiém cta phuong
trinh diéu hoa kép (2.19), va nghiém 4y phai théa man cdc diéu kién bién cu
thé cta tung bai toan.

Tir (2.10), (2.3), (2.18) ta c6 thé tim hai thanh phan chuyén vi u, w:

r 1+ v 020
U=r89 :E[GQ_V(GZ_I_GI‘):I:_ E m
2
hay: oGy = - 2@ (2.20)
oroz
Tuong tu:
1+v & O°D
—=—|:G G +c )] = 82{2(1—V)V2®—8?}
Do dé:
2Gw = 2(1-v)V ®—Z—?+f(r) (a)
Z

trong d6 f(r) 1a ham don bién tuy y.
Mat khac, theo (2.3), (2.10), (2.18) va (2.20) ta cé:

2
G.ﬂzi (1-v)Vv cp—la ®
or or 2 0z
Do d6:
2
2Gw =2(1-v)V cp—g—q)+g() (b)
Z
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trong d6 g(z) 1a ham don bién tuy y.
Do hai vé& phdi cia (a) va (b) luén trung nhau, nén:
f(r)=g(z) = A =const
Hing s6 A & vé& phai cta (a) va (b) biéu thi chuyén vi cha vat ran tuyét doi

(chuyén vi cling - chuyén vi khong c6 bién dang) theo phuong truc toa do z. Vi
thé, khi tinh chuyén vi w do bién dang ta loai hiing s6 nay. Nghia la:

2p 0@ (2.21)
2Gw =2(1-v)V D - — :
0z
Cubdi cung, ham tng sudt ®(r,z) nén dugc chon theo cdc dang sau day:
®(r,z)=C,z"Inr; n=0,12,3; (2.22)

O (r,z) = Cz[ln(m—z)_|n(m+ z)} (2.23)

Trong d6 Coy, Ci, Cs, Cs, C 1a c4dc hiing s6 dugc xdc dinh tir cac diéu kién bién
cia bai toan doi xing truc.

2.3. Nghiém dang da thic cia phuong trinh V*® = 0.

Dé tim nghiém phuong trinh (2.19) ta bién d6i hé truc toa do vuéng géc (r,z)
sang hé toa dd cuc (R,y) nhu hinh 2.1. Tuong tu phan 4.1 cha tai liéu Ly
thuyét dan hoi, ta dugc:

0° 0° 0? 1 0 1 0°
>t |7 >t o T o2 2
or: 0z oR® ROR R oy
10 1 1 , 0 Ccosy O
sin + =
ror R siny

YRR oy
10 +cotg\p 0
R R R?* oy

thay cac quan hé nay vao (2.19) ta cé:

o +g—+—cotg 0 L 62
oR® ROR R’ oy "R oy (2.24)
oO’® 200 A 00 1 0? q)
: >+ ———+—ycotgy > =0
oR* ROR R oy "R oy

Ta sé tim cac ho nghiém riéng cua (2.24) dudi dang cac da thdec.

Nghiém cta phuong trinh:

8
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2 2
(aq>+2acp+1 oD 1aq>j:0 (2.25)

cing la nghiém phuong trinh (2.24).

O

Y

z Hinh 2.1

Mot nghiém riéng ctia phuong trinh (2.25) c¢6 thé tim duéi dang:

@, =R"Y, (v) (2.26)
v6i ky hiéu W,(y) chi ham don bién theo y va n 14 s6 nguyén duong. Thay
(2.26) vao (2.25) ta thu dugc phuong trinh vi phan thudng d6i v6i ham ¥,:

i(sin\ple”J+n(1+n)‘I’n =0 (@)

siny dy dy

bat n = cosy 1a bién doc 1ap méi, phuong trinh (a) sé& c6 dang phuong trinh
Legendre:

2
(1—n2)d\I;"—zndlyun(nn)\yn:o (2.27)
dn dn
Nghiém cua (2.27) c6 dang da thuc:
¥ o=an"+a,n" 2 +a;n"t+-+an" 4 (b)

Thay biéu thic (b) vao (2.27), ta sé thu duge:
[n(n-1)a,;+2(2n-1a, |n"? +---+{[n(n+1)—(n—2k+2)—
((n—2k+3)]a, +(n—2k+4)(n-2k+3)a_jn"*? =0

Do dé:
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g :_(n—2k+4)(n—2k+3)a (k=23 (c)
“ 2(k-1)(2n-2k +3) "

Thay (c) vao (b), nghiém cua phuong trinh (2.27):

(1) 0 n(0-(0-2)(0-3) .4 .
mn +2-4(2n—1)(2n_3)n _} (2.28)

¥, =4, |:nn -

Thay nghiém (2.28) vao (2.26) va tré lai cac bién doc lap r, z. Cha ¥ ring:
n=cosy=z/R; R?>=r®+ 2

Lan luot gédn cho n cdc tri s6 0, 1, 2, ... ta sé c6 ho nghiém riéng cta phuong
trinh (2.25):

Dy = Ay _22 —%(r2 +22)};6D3 =A, {23 _%(@ +22)}

(2.29)

D, =Ay _24 —222 (r2 +22)+%(r2 +22)2}

D5 = As 5 —gzs (r2 +22)+%z(r2 +22)2}

v6i Ao, Aq, Ay, ... 12 cac hé s6 hiing chua x4c dinh. Cac nghiém riéng cia (2.29)
t4t nhién cling 1a cac nghiém riéng ciua (2.24).

Ta c6 thé thady rang néu R™W,, (\V) la nghiém cua (2.25) thi Rn+2‘Pn (\|/) la
nghiém caa (2.24).

That vay:
0° 2 0 1 0 1 0° e
(5R2+ﬁa_R+FCOtQWaW+R2 aqﬁ]R a(v)=

= 2(2n + S)R”‘Pn (\p)
Vi R“\Pn (\l’) 14 nghiém cua (2.25) nén ta cé:

10
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o +£i+icotg 0 +i o .
oR2 RoR RE 2V oy RE oy

2 2
(£,20 1 gy i+L25 —
R 'RoR R oy  R® oy

2 2
=2(2n+3) 82 29 1200 tgy 0 +i2 o |gry =0
oR? 'RoR R oy R? oy

Do d6, nhan cdc nghiém caa (2.29) v6i R? = r* + z* ta sé dugc cdc nghiém mdéi
cua (2.24):

(2.30)

---------------------------------------

Ta sé chiing t6 mot nghiém riéng cia phuong trinh (2.25) ciing c¢6 thé tim dugc
dudi dang:

-n-1
CI)—n—1 =R LIJ—n—1 (W)
Tuong tu nhu véi nghiém riéng dang (2.26) ta sé dugc phuong trinh Legendre

doi v6i ham don bién ¥, (\l’)’ v6ichisd m=-n-1:
d*¥ d¥
(1-n%)

dn ar +(-n)(-n-1)¥, =0

Phuong trinh trén trung véi phuong trinh (2.27), nghia la cling c6 nghiém la
da thdc (2.28). Lan lugt gdn n = 0, 1, 2, ... ta sé dudgc ho nghiém méi cla cac
phuong trinh (2.25) nhu sau:

oy =C, (r2 + 2 )_; :
Q7" = C1z(r2 +2° )—g : (2.31)

oy =C, [22 (r2 + 22)—3 —%(r2 + 22)_2};

.......................................

R6 rang cac nghiém (2.31) ciing la cdac nghiém riéng cua phuong trinh (2.24).

11
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Nhén cédc nghiém (2.31) véi R? = r* + z® ta sé dugc mot ho nghiém khéc cha
(2.24):

N[

®," =D, (r2 +22) ;
1 (2.32)
O = D1z(r2 +22) “

@y =D2[22<r2+22) 3_%(r2+22)‘5}

Mbi nghiém riéng trong tiing ho nghiém tir (2.29) dén (2.32), ciing nhu mot t6
hop tuyén tinh bat ky ctia ching déu c6 thé chon lam ham dGng suat ®. Bing
cach chon thich hgp cdc hé s6 hing, ta sé tim dugc 16i gidi cda nhiéu bai todn
khac nhau.

2.4. TAm tron chiu tic dung cta ngoai luc déi xi@ng truc.

2.4.1. Bai toan 1.

Cho tdm tron chiéu day déu 2h, bdan kinh a, chiu dp luc déu trén hai mdt tdm
va trén mdt xung quanh cua tdm. Hay xdc dinh truong ung sudt va truong
chuyén vi trong tdm.

D€ giai bai toan nay ta chon ham tng sudt 1a t6 hop tuyén tinh hai nghiém
riéng @, va CI)?. Tur (2.29) va (2.30) ta dugc ham Gng sudt dang da thic bac

ba:

D =a, (223 - 3r2z) + by (23 + rzz) (a)
v6i ag va bg 1a hai hang s sé dugc xac dinh tir cdc diéu kién bién cha tdm.
Thay (a) vao cac hé thic (2.18) ta thu duogc:

o, =6a;+(10v-2)bs; o, =6a;+(10v—2)bg;

o, =-12a;+(14-10v)bs; 1, =0

(b)

Céc biéu thic (b) ching té trudng Gng suat trong tdm la trudong Gng suit dong
nhat.

Thay (a) vao (2.20) va (2.21) ta s& c6 cdc cong thic tinh cdc thanh phan
chuyén vi:

u=u(r)=(3aq —bs)é; (c)
w=w(z)=[(7-10v)b, —6a3]é

12
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Gid st tAm dugce dat via khit trong ddy 16 hinh tru ran tuyét d6i, khong ma
sat va chiu nén béi 4p luc déu trén mat tu do véi 4p suat p.

Chon géoc toa do O 6 tam mat phing clia tdm ti€p xdc véi day 16, truc z vudng
gbc v6i mat phdng tdm va cung chiéu vdi ap sudt p.

Trén mat phing tu do clia tdm ta c6 diéu kién bién tinh hoc: o, = — p, hay
theo (b) ta c6:
12a; - (14-10v)b; =p (d

Trén bé mét xung quanh cia tdm ta c6 diéu kién bién dong hoc: u(a) = 0, hay
theo (¢) ta co:

Giai hé hai phuong trinh (d), (e) ta tim dugc:

P . _ P ()

——— P . p,==
A 30(1-v)" 7 10(1-v)

Néu tdm ti€p xic khong ma sat v6i thanh 16 hinh tru thi truong dng suit
trong tam sé la:

\
Gr:Ge:—:pi 6, =P, T,=0 (2.33)

va trudng chuyén vi:

_ 1-2v p (2.34)
U:O, W:W(Z):—mgz

2.4.2. Bai toan 2.

Cho tdm tron chiéu day déu 2h, bdn kinh a, chiu uén thudn tiy bdi cdc ngdu
luc phan bé déu doc theo mdt xung quanh ctia tém.

Ta chon ham dng suét 1a t6 hgp tuyén tinh ctia hai nghiém riéng @, va CDZ

thudc hai ho nghiém riéng (2.29) va (2.30). Ta dugc ham Ung suat c6 dang da
thic bac bon:

®(r,z)=a, (824 —24r27% + 3r4) +Db, (224 +r22° — r4) (g)

v6i a4 va by 1a hai hing s6 sé dugc xdc dinh tir cdc diéu kién bién.

Thay (g) vao (2.18) ta co:

13
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o, = 0 =968,z +4b, (14v-1)z
o, =—192a,z+8b,(8-7v)z
T, =96a,r—4b, (8-7v)r

(h)

Chon géc toa do O tai tAm clia mat phéng trung hoa cta tdm va truc doi xing
clia tdm lam truc toa do z. Piéu kién bién trén hai mit phang tu do ctia tdm:

qr=irrz=0; qz=iGz
Thay diéu kién bién vao (h) ta cé:

96a, —4b, (8—7\/):0 (i)
Goi M, 1a gia tri khong d6i cia moment trén mot don vi chiéu dai duong tron

xung quanh t4m & mit phang trung hoa (z = 0). Theo nguyén 1y Saint-Venant,
ta c6 diéu kién bién trén bé mit xung quanh:

h
2j c,zdz =M, ()
0
Thay o, tit (h) vao (k) va két hop véi diéu kién bién (i), ta tim dugc:
a, = (8_7V)Mr . _ 3M,
Y 448(1+v)h® Tt 56(1+v)h°

Trudng Gng sudt trong tdm tron chiu uén thuan tiy béi moment phan bs déu
M, trén bé méit xung quanh tdm:

— 3'\/II’
on3

6,=1,=0

G, = Oy Z; (2.35)

2.5. Ung sudt trong vat thé kich thuée 16n vé han.

Xét vat thé kich thude 16n vo han chiu tdc dung cia luc tap trung P dat tai 1
diém trong vat thé.

Chon diém d#t cia luc tap trung lam goc toa do va chon nghiém riéng CDS**

lam ham Ung suit:
]
®(1,2) = D (1 +2°)2 (a)

v6i Dy 1a hing s6 can x4c dinh.

Tu cac hé thic (2.18) ta co:

14
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o, =Dy | (1- 2v)z(r2 + 272 )_2 - 3r22<r2 n ZZ)Z];

09=D0(1—2v)z(r2+z2)_2;

o, =-D, (12v)z(r2+22)2+323(r2+22)2];
- . 5

1, =D, (1—2v)r(r2+22)2+3r22(r2+22)2]

(2.36)

TAat cd cdc thanh phan Ung suat d6 déu c6 gia tri khong xac dinh tai diém dit
luc tap trung, tic goc toa do O.
7

7

Hinh 2.2

Lay goc toa do O lam tam ctia modt hinh cau réng, ban kinh nhé (hinh 2.2).
Mt cAu chiu tdc dung ctia hai thanh phan luc phan bé tai diém bat ky: q, va
qr sao cho cac thanh phan luc phan bo d6 ciing gay ra trudng tng suit (2.36).

Xét su can bang ctia phan t6 dang vanh tiép xic v6i mat cau. Piéu kién can
bang:

d, = — (1, Siny + 6, cosy) (b)
Ta c6:
sin\pzr(r2+22)_2; cosw:z(r2+22)_2 (c)

con 1., va o, duge thay bing cdc cong thic (2.36).

Do d6 ta co:
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Chuong 2. Bai toan déi xidng truc
2, 2\~ 2(.2 , 2\? @)
d, =D, (1—2v)(r +2 ) +3z (r +2 )
Hop luc ctia thanh phan luc phan b6 qy:

2jq2\/r2 + 22 dy2nr = 8n(1-v)D, ()
0

Hop luc cia thanh phan luc phan bé q, bang khong vi ly do ddi xiing. Vay hop
luc cha hai thanh phan luc phan b6 q, va q, trén mait cau 1a mot luc dat tai
goc toa do theo phuong truc z.

Ky hiéu luc tap trung tai goc toa do 1a P. Ta cé:
P = 8n(1 - v)D, (f)
hayp __ F (2.37)
0
8n(1-v)
Céc hé thic (2.36) két hop véi (2.37) cho ta truong dng suat trong vat thé 16n

v0 han gay ra béi luc tap trung P dat tai goc toa do theo phuong truc toa do
z.

2.6. Nita khong gian dan héi chiu luc tap trung trén mit phing bién
(Bai toan Boussinesq).

Xét vat thé nia vo han, niia khong gian dan hoi, chiu tdc dong cia luc tap
trung vudng géc v6i mat phadng bién (hinh 2.3).

Chon diém dit cha luc tap trung P 1am gbc toa do va duong tac dung cua P
lam truc toa do z.

0
I
0

Hinh 2.3
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Chuong 2. Bai toan déi xdng truc
cos0=2=: sind=-—: R2=r24322
R R

Chon ham tng sudt ® 1a t6 hgp tuyén tinh céc nghiém riéng ctia phuong trinh

(2.19) theo dang:
\/r +2z° (a)
\Nr + Z +Z

®(r,z)=Cyzinr+C, (r2 +2 ) +CgzIn

Thay (a) vao (2.18) ta co:
C 3

o, =—+GC, {(1—2\/)z(r2 +2°) 2

r

- 3r22(r2 +Z2 )Z} +

4z A 3 (b)
+C3L—2(r2+22) 2+4(1+v)z(r2+22) 2 _
223 2 2 -2 622 (r? 2 ‘g
— r—2(r +2°) 2 -62°(1* +2°)
3 5
o, =C2{—(1—2V)Z(r2+22) 2 _323(r2+22) 2}+
(c)
3 5
+C, {—4V2(r2+22) 2 1 62° (r2 +22) 2}
3 5
T,, =C2{—(1—2V)r(r2+22) 2 _ 372 (r2+22) 2}_
(d)

+C, {—4vr(r2 + 2 )_g +6r2°(1* + 2° )Z}

Trén mat phing bién, tic z = 0, 6, = 0 va 1,, = 0. Theo (c), diéu kién (6,),.0 = 0
dugce théa man. Tu (d) va t,, = 0 ta suy ra:

1-2v
C,=——C, (e)
4v
D€ x4c dinh C, ta thiét lap phuong trinh can bang theo phuong ding z doi véi
mot 16p nira khong gian dan hoi giéi han béi mit cit z = a vA méat phang bién
(hinh 2.4). Ta c6:
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Chuong 2. Bai toan déi xidng truc

IGZZRFdr+P =0
0

()
Tu (c) va (e) ta c6:
G, = —30223 (r®+2° )—2 (g)
2v
r
Hinh 2.4
Thay (g) vao (f) réi tich phan ta cé:
C,=—P (h)
T
Tir (b) va diéu kién o, = 0 tai z = o, ta suy ra:
Ci=-2Cs 1)
Tu (1), (e) va (h) ta tim dugc:
1-2 1-2 -
C,=—=—P;, Cj=——P G
21

4

Thay c4c hing s6 tim dugc vao (b), (c), (d) ta cé:
P| 1-2v  3zr* | 3P 2°
_ - G, =

" 2z|RR+z) R | ? 2rRS

(2.38)
c —£(1—2v) z__ 1 ;T ——ﬁﬁ
° on R® R(R+2) '? 0 2x RO

Duya vao (2.3), (2.10a) va (2.38) ta thu dugc:
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Chuong 2. Bai toan déi xdng truc

"= 4:6 {%_(1_2”@}

(2.39)
P |2 (1 — V) z2
W = +
471G R R3
Trén miét bién z = 0, cdc thanh phan chuyén vi:
J_ - P(1-2v)
=0 T A
z 4nGr ) (2.40)
P(1-v) (1-v%)p
Yoo~ onGr T RE v

Z
Hinh 2.5

Trong cdc cong thic trén, dng sudt va chuyén vi c6 gid tri vo cung 16n tai
diém dit luc tap trung P (z = 0 va r = 0). Thuc té&, ta khong thé c6 luc tap
trung ma luc duge phan b6 qua mot dién tich hitu han (thi du méng cong
trinh, mot ving déo lan can diém dit luc). Do d6 cic gid tri Gng suadt va
chuyén vi § vung dit luc 12 hitu han. N&u goi Ung sudt toan phan tidc dong
trén m#t phing ndm ngang 1a P, thi ho cdc mit déng tng sudt p 1a ho céc
mat cau ti€p xic véi mat phang bién tai diém dat luc (hinh 4.5).

2.7. Bai toan H. Hertz vé ap luc gitta hai vat thé ti€p xdc véi nhau.

Xét hai vat thé ban dau tiép xdc v6i nhau tai diém O nhu hinh 2.6.
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Chuong 2. Bai toan déi xidng truc

Hinh 2.6

Lay O lam goc hé truc toa do vudng géc Oxyz. Hai truc Ox, Oy nam trong mét
phang ti€p xtc vé6i hai vat tai O. Con hai truc Oz;, Oz, trung véi phap trong
tuong Gng cua hai bé mit vat.

Phuong trinh bé mit cia hai vat thé tié€p xdc trude khi bién dang:
z1 = f1(x,y); zy = fa(x,y) (a)

Néu O khong 1a diém ky di, cac phuong trinh (a) § 1an can diém tiép xic O c6
thé biéu dién nhu:

2 2 2
2 0% o 2.0y oo X4
2 2 2
22:16 222 N 222 2,02 Xy (c)
2 0x" |y 209" oo X4

Ky hiéu M; va M, 1a hai diém cda hai bé mat tiép xic cung thudc phap tuyén
cia mét phang ti€p xic Oxy. Theo (b) va (c), khodng cach hai diém M; va Ms:
Z1 + Zg = (Al + Az)X2 + (Bl + Bz)y2 + (Hl + Hz)Xy (d)

P

VO1:
A 107

_10%z
T2a2 ) 207

_ 0%z,

» B 2 i = A
00 2 oy oxoy
Dang toan phuong (d) luén duong véi hai truc Ox va Oy dugc chon tuy y trong

mat phang ti€p xdc, va ta c6 thé chon cdc truc d6 sao cho H; + Hy, = 0. Lic
nay, ta co:

Z1+Z2=AX2+13y2 (f)
Vi1 ky hléu A= A1 + Az, B = B1 + B2 (g)

0,0

(i=12) (e)

0,0
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Chuong 2. Bai toan déi xdng truc

Do d6 cdc hé s6 A va B 1a nhitng hé s6 duong.

Ta ky hiéu Ri; va Ry 12 cdc bdan kinh cong chinh tai diém tiép xdc O d6i véi
vat thé 1, Ry va Ry 12 cdc ban kinh cong chinh tai diém tiép xdc O d6i véi
vat thé 2. Néu céac ban kinh cong chinh déu duong, thi:

1 1 1 1
2A=—+—; 2B=—4+— (h)
Ri1 Ry Riz  Ro
T (f) ta thdy ciac dudng cong biéu dién cdc khodng cich ding tri giita hai
diém M; va M, 1a cac duong ellipse dong tam.

Gid st hai vat rdn bi ép vao nhau béi luc P huéng theo phap tuyén véi mit
phang tiép xic Oxy tai O. Lic nay hai vat sé tiép xic v6i nhau theo mot dién
tich bé 1lan can diém O. Dién tich d6 dugc goi 1a dién tich 4p luc va chu tuyén
cia né goi 1a chu tuyén ap luc. Hinh chiéu vudng géc cia dién tich ap luc 1én
mat phing tiép xdc Oxy dugc goi 1a mién tiép xde.

Vé6i do chinh x4c vira du, ta thita nhan rang khi hai vat bi ép vao nhau ching
s& tiép xdc v6i nhau tai nhitng diém ma truée khi bién dang cing nim trén
mot phap tuyén véi mat phang Oxy. Theo (f), ta thay dién tich 4p luc c6 dang
elliptic.
Vi hai vat thé bi ép vao nhau nén bat ky hai diém nao nam trén cac truc toa
do Oz; va Oz, v6i khodng cdch tir ching dén diém O kha 16n (dé c6 thé bé qua
bién dang tai d6) ciing dich chuyén lai gdn nhau mot do dai & bang téng cac
chuyén vi w1(0) va wo(O) ctia diém O.
Goi w; va wy 1a chuyén vi ctia hai diém M; va M, theo huéng céc truc Oz; va
Oz,. khodng céch giita hai diém sé& gidm di mot luong & — (W + Wa).
Do d6, d6i v6i tat ca cac diém clha dién tich ap luc déu c6 hé thic:

Z1 + Wi + Zg + Wo = O 1)
con ddi v6i cdc diém ngoai dién tich 4p luc:

Z1+W1+Z2+W2>6
Tu (f) va (i) ta thu duogc:

W1 + Wy = & — Ax® — By? 6))
Dé xac dinh cdc chuyén vi va Gng suat dan hoi trong mién ti€p xic cia ci hai
vat thé 1 va 2 ta sé& cho rang dién tich ap luc 14 rat bé va ca hai vat déu cé
thé thay bdi nita khong gian tuong tng. Trong mién ti€p xic F ctia hai niia
khong gian d6 c6 4p luc thang géc q(E,n) tdc dung, con ma sat trén dién tich
ap luc dugc bd qua, nghia la trong mién tié€p xdc khong cé tng suat tiép.
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Chuong 2. Bai toan déi xidng truc

Theo (2.40), ta c6:

2 2
1v1+1 \'Z jqu

nEy  wE, Jer

W+ W, = (k)

trong d6 vi, E; va v, Ey 12 cdc hing s6 dan héi cta vat thé 1 va 2. Theo (k),
hé thic (j) sé c6 dang:

(ks +kp) [ IdF = 5 — Ax® - By? 0
r
trong do:
142 142
Kj=——t; Ky =2 (m)
nE, nE,

Ta nhan thdy ring viéc gidi bai todn hai vat thé ti€p xdc nhu trén sé dan dén
viéc xac dinh ap luc q(&,n), @0 dich chuyén gan § ctia hai vat thé tiép xic va
c4c kich thu6c ciing nhu hinh ddng cia mién tiép xic F.

Theo H. Hertz, cudng dd ap luc q(¢,m) dugc gid thiét biéu dién bdi tung dd cta
nla ellipsoid dugc dung trén mién ti€p xic; t4t nhién, tai tAm mién tiép xdc
ap luc c6 tri s6 cuc dai qo. Goi a, b 1a hai niia truc clia mién tiép xic, ta co:

P=[qdF =§7cabqo
F

tu do:

3 P
>y (2.41)
%o 2 nab

Gia thiét trén day vé cuong d6 4p luc cho phép ta biéu dién dugc vé& trai cta
hé thdc (¢) duéi dang tuong tu v& phai ctia né. Thuc hién mot sd bién doi todn
hoc ta duogc:

6—Ax2—By2=ki{abK—9Dx2—3(K—D)y2} (n)
a a b
trong doé:
2 42
nE, 7k,
Dong nhat hai vé& cda (n) ta dugc:
6 = kqobK (o)

22



Chuong 2. Bai toan déi xdng truc
b 1

A=kg,—D; B=kd,(K-D) (p)
v6i K biéu dién tich phan elliptic loai mot:
(q)
K(e)= I
\/1 e?sin® o

con D biéu dién su két hop tich phan elliptic loai mot K véi tich phan elliptic
loai hai L:

D(e) = —z[K(e)-L(e)] g

(s)

(t)

e la tAm sai cua ellipse.

Tu (2.41), (o) va (p) ta tim dugc hai ban truc ellipse a va b:

a—ms\/“ kP .
- 4 A +B’ (2.43)

b:ni/sn kP
4 A + B

v6i A, B dugc xac dinh theo (h) va cdc hé s6 m va n phu thudc vao:

A+B
cos0O = (u)
A-B
cdc hé s6 m va n thay déi theo gia tri 6 va dugc cho trong bang 2.1.
30° | 35° | 40° | 45° | 50° | 55° | 60° | 65° | 70° | 75° | 80° | 85° | 90°
2,731(2,397 | 2,136 | 1,926 | 1,754 | 1,611 | 1,486 | 1,378 | 1,284 | 1,202 | 1,128 | 1,061 | 1,000
0,493 | 0,530 | 0,567 | 0,604 | 0,641 | 0,678 | 0,717 | 0,757 | 0,802 | 0,846 | 0,893 | 0,944 | 1,000

Truong hop dic biét mién tiép xdc 1a hinh tron, ta cé:
a=b;e=0; K =L(0) = n/2; D(0) = n/4
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Chuong 2. Bai toan déi xidng truc

dod6:A=B;0=90" m=n-=1.

va cac biéu thdc tinh a, b, §, qo c¢6 dang:

a—b-z3® KP (chidu da (2.44)
4 A+B

q, = 1 i/G(A + BT p» (Luc / chiéu dai?) (2.45)
T ik

§ = li/i k?P2 (A +B)> (chiéu dai) (2.46)
2\ 2xn

Khao sat cidc diém trén bé mat tiép xdc ellipse va chon cdc truc x va truc y
trung v6i cdc ban truc a va b, cac ing suat chinh ¢ tam bé mat tiép xuic:

b
o, =—2Vv(Q, —(1—2v)qom;

a (2.47)
o, =—-2vq, —(1-2v)q, a+b;

G, =—q
2 < 2 , 2, . 2,
O cac diém cudi cla cac ban truc ellipse ta cé:
Ox = — Oy VA& Tgy = 0

Nghia 13, tng sudt kéo tho huéng kinh thi bing vé6i ting sudt nén theo phuong
tiép tuyén. Do d6 & cac diém nay ton tai trang thai dng suat trugt thuan tay.
Do 16n ctia Gng suit tiép nay & cdc diém cudi ctia ban truc 16n (x =+ a, y = 0):

t1=(1-2v)q, %(1arctan he - 1) (2.48)
e’le
B({_B e (2.49)
=(1-2 —| 1-=arctan—
P= (-2 ez( : Bj
vGi: B = b/a

Khi b x4p xi a va bién cia bé méit ti€p xic xap xi hinh tron, cdc thanh phan
ting suat dugc cho bédi (2.47), (2.48) va (2.49) biéu thi cdc thanh phan Gng suit
cho trudng hop nén hai hinh cau.
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