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Introduction to FEM

The Three Basic Stages of a FEM Program
Based on the Direct Stiffness Method

Preprocessing : defining the FEM model

Processing: setting up the stiffness equations
and solving for displacements

Postprocessing : recovery of derived quantities
and graphical presentation of results
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Plane Truss Demo Program

[Graphics]
DI [Equation Solver
gt isBuilt 1]
Y v v
: | nter nal
Assembler BC Applicator P ———

Element Presented in Element Int

Stiffness [y Chapter 21 Forces
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Assembler for Plane Truss Program

Pl aneTrussMast er Sti f f ness[ nodcoor _, el enod_,

el emat _, el efab_, el eopt _]: =Modul e[

{nunel e=Lengt h[ el enod] , nutTmod=Lengt h[ nodcoor ],

e, eNL, eftab, ni,nj,i,j,ncoor, nprop, f prop, opt, Ke, K},

K=Tabl e[ 0, { 2* nummod}, { 2* numod}] ;

For [e=1l, e<=nunele, e++,
eNL=el enod[[e]]; {ni,nj}=eNL;
eftab={2*ni -1, 2*ni, 2*nj -1, 2*nj };

ncoor ={nodcoor[[ni]], nodcoor[[nj]]};
nprop=el emat[[e]]; fprop=elefab[[e]]; opt=eleopt;
Ke=Pl aneBar 2Sti f f ness[ ncoor, nprop, f prop, opt];

nel dof =Lengt h[ Ke] ;
For [i=1, i<=neldof, i++ ii=eftab[[i]];
For [j=i, j<=neldof, j++ jj=eftab[[j]];
KILy . v =K, jp]]+=Ke[[1,)]]
.
]; Return[K];
l;
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Assembler for Plane Truss Program (cont'd)

Pl aneBar 2Sti f f ness[ ncoor _, nprop_, fprop_, opt _]:= Mdul e[
{x1,x2,y1,y2,x21,y21, Em Gn r ho, al pha, A nuner, L, LL, LLL, Ke},

{{x1,y1}, {x2,y2}}=ncoor; {x21,y21}={x2-x1,y2-yl},
{Em Gm rho, al pha} =nprop; {A}=fprop; {nunmer}=opt;
I f [nuner, {x21,y21, Em A} =N[ {x21, y21, Em A}]];

LL=x21"2+y2172; L=Power Expand[ Sqrt[LL]]; LLL=Si nplify[LL*L];
Ke=(Enmr A/ LLL) *{{ x21*x21, x21*y21,-x21*x21,-x21*y21},

{ y21*x21, y21*y21,-y21*x21,-y21*y21},
x21*x21, -x21*y21, x21*x21, x21*y21},
y21*x21, -y21*y21, y21*x21, y21*y21}};

{_

{_
Ret ur n[ Ke]
1
nodcoor ={{0, 0}, {10, 0}, {10, 10} };
el enod= {{1,2},{2,3},{1, 3}};
el emat = Tabl e[ {100, O, O, 0}, {3}];
el efab= {{1},{1/2},{2*Sqrt[2] }};
el eopt = {True};
K=Pl aneTrussMast er Sti f f ness[ nodcoor, el enod,

el emat , el ef ab, el eopt ] ;

Print["Master Stiffness of Exanple Truss:"];
Print[K// MatrixForn;
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Displacement BC Applicator

Modi fi edMaster Sti ffness[pdof _,K ] := Mdul e[
{i,]j,k,n=Lengt h[ K], np=Lengt h[ pdof ], Knod}, Knod=K;
For [k=1, k<=np, k++, i=pdof[[k]];

For [j=1,j<=n,j++, Knmod[[i,j]]=Kmod[[j,i]]=0];
Knmod[ [i,i]]=1

] il
Ret ur n[ Knod]

l;
Modi fi edNodeFor ces[ pdof _,f ] := Mdul e[
{i, k, np=Lengt h[ pdof], f mod}, fnod=f;
For [k=1, k<=np, k++, i=pdof[[k]]; frmod[[i]]=0];
Ret ur n[ f nod]

l;

K=Array[ Kij, {6, 6}];

Print["Assenbl ed Master Stiffness:"];Print[K//MatrixForni;
K=Mbdi fi edMaster Sti ffness[{1, 2,4}, K];

Print["Master Stiffness Mdified For Displacenment B.C :"];
Print[K//MatrixForm;

f=Array[fi, {6}];

Print["Node Force Vector:"]; Print[f];

f =Modi fi edNodeFor ces[ {1, 2, 4},f];

Print["Node Force Vector Mdified For Displacenent B.C :"];
Print[f];

Restriction: prescribed displacements must be zero.
Else the code favl odifiedNodeFor cesis more complicated.
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Plane Truss Internal Force Recovery

Pl aneTr ussl nt For ces[ nodcoor _, el enod_, el emat _, el efab_,
el eopt _, u_]:= Mdul e[ {nunel e=Lengt h[ el enod],
numod=Lengt h[ nodcoor], e, eNL, eftab, ni,nj, i,
ncoor, nprop, f prop, opt, ue, p},
p=Tabl e[ O, { nunel e}]; ue=Table[0, {4}];
For [e=1, e<=nunele, e++,
eNL=el enod[[e]]; {ni,nj}=eNL;
eftab={2*ni -1, 2*ni, 2*nj -1, 2*nj };
ncoor ={nodcoor[[ni]], nodcoor[[nj]]};
mprop=el emat[[e]]; fprop=el efab[[e]]; opt=el eopt;
For [i=1,i<=4,i++, ii=eftab[[i]]; ue[[i]]=u[[il]]];
p[ [ e] ] =Pl aneBar 2l nt For ce[ ncoor, npr op, f prop, opt, ue]
l;

Ret ur n[ p]

1
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Plane Truss Internal Force Recovery (Cont'd)

Pl aneBar 21 nt For ce[ ncoor _, nprop_, fprop_, opt _, ue_]: = Modul e[
{x1,x2,y1,y2,x21,y21, Em Gn r ho, al pha, A nuner, LL, pe},
{{x1, y1}, {x2,y2}}=ncoor; {x21,y21}={x2-x1,y2-yl};
{Em Gm r ho, al pha} =nprop; {A}=fprop; {nuner}=opt;
(*1'f [numer, {x21,y21, Em A} =N {x21,y21, Em A}]];*)
LL=x21"2+y21"2;
pe=Em*A*(x21*(ue[[3]]-ue[[1]])+y21*(ue[[4]]-ue[[2]]))/LL;
Ret ur n[ pe]
1
nodcoor={{0, 0}, {10, 0}, {10, 10}}; elenod= {{1,2},{2,3},{1,3}};
el emat = Tabl e[ {100, 0,0, 0},{3}]; elefab= {{1},{1/2},{2*Sqrt[2]}};
el eopt= {True}; u={0,0,0,0,0.4,-0.2};
p=Pl aneTr ussl nt For ces[ nodcoor, el enod, el emat, el ef ab, el eopt, u];
Print["Int Forces of Exanple Truss:"];
Print[p];

IFEM Ch 22 — Slide 8




Department of Engineering Mechanics PhD. TRUONG Tich Thien

Introduction to FEM

Six-bay Bridge Truss Example

Elastic modulu€ = 1000
Cross section areas of bottom longerons: 2,

top longerons: 10, battens: 3, diagonals: 1 top joints lie
on parabolic

profile 3

9

span: 6 bays @ 10 = 60
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Driver Program: Node & Element Definition

CearAl[];

NodeCoor di nat es={{0, 0}, {10, 5}, {10, 0}, {20, 8}, {20, 0}, {30, 9},
{30, 0}, {40, 8}, {40, 0}, {50, 5}, {50, 0}, {60, 0} };

El enNodeLi sts= {{1,3},{3,5},{5,7},{7,9},{9, 11}, {11, 12},
{1,2},{2,4},{4,6},{6, 8}, {8, 10}, {10, 12},
{2,3},{4,5},{6,7},{8, 9}, {10, 11},

{2’ 5}1{41 7}’{7’ 8}1{9’ 10}}1

numod=Lengt h[ NodeCoor di nat es] ;

nunel e=Lengt h[ El emNodelLi sts]; nundof =2* nutmmod;

El emvat eri al = Tabl e[ {1000, O, O, 0}, { nunel e}];

Abot =2; At op=10; Abat=3; Adi a=1;

El enfabri cati on=Joi n[ Tabl e[ { Abot }, {6} ], Tabl e[ { Atop}, {6} ],

Tabl e[ {Abat }, {5}], Tabl e[ {Adi a}, {4}]];
ProcessOpti ons= {True}; aspect =0;
Pl ot Li neEl enent s[ NodeCoor di nat es, El enNodelLi st s, aspect,
"test nesh"];
Pl ot Li neEl enment sAndNodes[ NodeCoor di nat es, El enNodelLi st s, aspect,
"test nmesh with elem & node | abel s",{True, 0. 12}, {True, 0. 05}];
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Driver Program: Model Plot Output

test mesh

Introduction to FEM

test mesh with elem & node labels
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Driver Program: BC Definition

Fr eedonlag=Fr eedonVal ue=Tabl e[ {0, 0}, { nummod} ] ;
Freedonval ue[ [ 3]]={0, - 10}; Freedonval ue[[5]]={0, -10};
Freedonval ue[ [ 7] ] ={0, - 16};

Freedonmval ue[[9]]={0, - 10}; Freedonval ue[[11]]={0, -10};
Print["Applied node forces="]; Print[FreedonVval ue];
FreedonTag[[1]]= {1, 1}; (* fixed node 1 *)
Freedonmlag[ [ nummod] ] ={0, 1}; (* hroller @node 12 *)
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Driver Program: Processing

f =Fl att en[ Fr eedonVal ue] ;
K=Pl aneTrussMast er Sti f f ness[ NodeCoor di nat es,

El emNodelLi st s, El enivat eri al , El enfabri cati on, ProcessOpti ons];
pdof ={}; For[n=1, n<=numod, n++, For[j =1, <=2, ++,

| f[ Freedonfag[[n,j]]>0, AppendTo[pdof,2*(n-1)+j]]11]11;

Knod=Modi fi edMast er Sti f f ness[ pdof, K] ;
f rod=Modi f i edNodeFor ces [ pdof,f];
u=Li near Sol ve[ Knod, f nod]; u=Chop[ u];
Print["Conputed Nodal Displacenents:"]; Print[u];
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Driver Program: Post-Processing

f=Sinmplify[K u]; f=Chop[f];
Print["External Node Forces Including Reactions:"]; Print[f];
p=Pl aneTr ussl nt For ces[ NodeCoor di nat es, El emNodelLi st s,

El emMVat eri al , El enfabri cati on, el eopt, u]; p=Chop[ p];
sigma=Tabl e[p[[i]]/El enFabrication[[i,1]],{i,1, nurmel e}];
Print["Internal Menber Forces:"]; Print[p];

Pl ot Tr ussDef or nedShape[ NodeCoor di nat es, El enNodelLi st s, u,

1.0, aspect, "Def orned shape"];

Pl ot Axi al St ressLevel [ NodeCoor di nat es, El enNodelLi sts, si gma,

1.0, aspect,"Axial stress |level"];
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Introduction to FEM

Appl i ed node forces:

{{o0, 03, {0, O3}, {O, -103, {O, O3}, {O, -103}, (O, O3,
{0, -163}, {0, 03}, {O, -10}, {O, O}, {O, -103}, {0, O}}

Comput ed Nodal Di spl acenents:

{0, 0, 0.809536, -1.7756, 0.28, -1.79226, 0.899001,
-2.29193, 0.56, -2.3166, 0.8475, -2.38594,
0. 8475, -2.42194, 0.795999, -2.29193, 1.135, -2.3166,
0. 885464, -1.7756, 1.415, -1.79226, 1.695, 0}

Ext ernal Node Forces I ncludi ng Reacti ons:
{0, 28., o, 0, 0, -10., O, O, O, -10., O, O, O,
-16., 0, 0, 0, -10., 0, 0, O, -10., O, 28.}

I nt ernal Menber Forces:
{56., 56., 57.5, 57.5, 56., 56., -62. 6099,
-60. 0318, -60.2993, -60. 2993,
-60. 0318, -62.6099, 10., 9.25, 12., 9. 25,
10., 1.67705, 3.20156, 3.20156, 1.67705}
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Driver Program: Result Plot Output

Deformed shape

Axial stress level
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Homewor k Assignment - Ex 22.2

Complete a plane frame assembler module
Complete an internal force module for beam-column

Test completed code with statements provided
in posted Notebook
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Homework Assignment - Ex 22.3
Complete a Plane Frame Program to
Analyzethis Portal Frame Structure:

P
L /2 1y
P/2 Ccross section
—_ — of all members:
D G E H F -
a
R
H [~a-]
Origin of x,y
A B X C is arbitrary.
— —_— — L
) L . L]
» > <
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Plane Frame FEM Discretization
for Homework Ex 22.3:

P
P/2 3 @) 4) 5 (5) (6) 7
> 4 6
2 9) 7)
2 10 8
1) (10) (8)
1 11 9
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