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| soparametric Quadrilaterals

|mplementation Stepsfor Element Stiffness Matrix:

1. Construct Shape Functionsin Quad Coordinates
(Chapter 18 is devoted to thistopic)

2. Compute x-y Derivatives of Shape Functions and
Build Strain-Displacement Matrix B

3. Integrate h BTE B over element
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Partial Derivative Computation

Shapefunctionsarewritten in termsof & and n
But Cartesian partials(with respectto x,y) are
required to get strains & stresses
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The Jacobian and | nver se Jacobian
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Shape Function Partial Derivatives

Using chain rule

IN® AN s aN©® oy
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Main problem isto get 9 on 98

X dx dy 9y
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The Jacobian and | nver se-Jacobian M atrices

Computethe 2 x 2 Jacobian matrix
- dX 0y -

L ax.y) | g 0k

J= =
0. m) | 9x 9y
- an an -
Then invert to get
— % 8_77 -
. a(&, n) X  9X Thesearethe
J 1 = = §”\
(X, V) 9§ an quantities we need

L9y 9y - for the S.F. partials
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Computing the Jacobian Matrix

Use the element geometry definition

n n
©
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Partial Derivative Computation
Seguence Summary

At a specific point of quad coordinates ¢ and n:

ox dy dIx 9y f -
222 2 22 from node coordinates and S.F.s
Compute 56 08 on on

Form Jand invert to get J™1 and det J

Apply the chain ruleto get thex , y partials of the SF.s
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The Strain Displacement Matrix B

Usethose S.F.s partialsto build the strain-displacement
matrix B:

" 9N aNS® N T
x 9 o 0 ax 9
_ N, ONg® INY® | @ _ gy®
e= 0 3y 0 3y 0 3y u® =Bu
ON® NS ONS  aNS AN gN©
L 0y ax ay X ay ax

Unlikethe 3-nodetriangle, here B = B(¢,n) variesover quad
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One Dimensional Gauss Integration Rules

1 P
[ Fod =Y uFe
-1 i=1

1

One point: / F)dé = 2F(0),
-1

1
Two points: / F(&)de = F(—1/v/3) + F(1//3),
~1

1
Three points: / F&)dé = gF(—\/S/S) + SF(O) + gF(\/SIS)
1

For 4 and 5 points see Notes
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Graphical Representation of the First Five
One-Dimensional Gauss I ntegration Rules

é ‘ J)p:l

Oo—@) @ —op=2
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Two Dimensional Product Gauss Rules

Canonical form of integral:

1 1 1 1
/fF(S,n)den=f dn/ F &, ) de.
-1J-1 -1 -1

Gauss integration rules with p  points in &xdirection
and p points in thg direction:

1 1 1 1 Pr P2
flle@,n)dsoln=f1dn/lF<s,n>ds~ZZw FE ).

i=1j=

Usually p =p
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Graphical Representation of the First Four

2D Product-Type Gauss Integration Rules

with Equal # of Points p in Each Direction

P
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Geometric I nterpretation of
Jacobian Deter minant detJ = |J]
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Gauss I ntegration of Stiffness Matrix
K® =/ hBTEBdQ®
Q®©

Rewrite in canonical form:

1 1
K® =f1/lF(é§,n)d§dn-

dQ® = dx dy= detJ d& dn.
F(¢, n) = hBTEB detJ.

where

Then apply the rule t&- (a 2n x 2n matrix)

1 1 1 1 Pr P2
flle(S,n)den=f1dn/l|:($,n)d€~Zzw FE.m).

i=1j=
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Quad 4 Element Formation in Mathematica:
Stiffness Computation M odule

Quad4l soPMenbr aneSti f f ness[ ncoor _, nprop_, fprop_,options_]: =
Modul e[ {i, k, p=2, nuner =Fal se, Emat , t h=1, h, gcoor, c, w, Nf ,
dNx, dNy, Jdet, B, Ke=Tabl e[ 0, {8},{8}]}, Emat=nprop[[1]];
If [Length[options]==2, {nuner, p}=options, {nuner}=options];
I f [Length[fprop] >0, th=fprop[[1]]];
If [p<l||p>4, Print["p out of range"];Return[Null]];
For [k=1, k<=p*p, k++,
{qcoor,w} = QuadGaussRul el nf o[ { p, nuner}, K] ;
{ Nf , dNx, dNy, Jdet } =Quad4l soPShapeFunDer [ ncoor, qcoor] ;
If [Length[th]==0, h=th, h=th.Nf]; c=wtJdet*h;
B={ Flatten[ Tabl e[ {dNx[[i]], 0},{i,4}]1],
FI att en[ Tabl e[ { O, dNy[[i]13},{i,4}11,
Flatten[ Tabl e[{dNy[[i]],dNx[[i]]},{i,4}]1};
Ke+=Si mpl i fy[ c* Tr anspose[ B] . (Emat . B) ] ;
]; Return[Ke]
1;
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Quad 4 Element Formation in Mathematica:
Shape Functionsand Their Derivatives

Quad4l soPShapeFunDer [ ncoor _, gcoor _]: = Modul e[

yl,¥2,y3,y4, X, Yy},

dNe ={-(1-n), (1-n),(1+n),-(1+n)}/4;

d\n= {-(1-&),-(1+8), (1+8), (1-§)}/ 4
x={x1, x2, x3, x4}; y={yl,y2,y3,vy4};
J11=dN¢. x; J12=dN¢.y; J21=dNn.x; J22=dNn.y;
Jdet =Si npl i fy[J11*J22-J12*J21];

Ret ur n[ { Nf , dNx, dNy, Jdet }]

{NF, dNx, dNy, dNE, dNi, i, J11, J12, J21, J22, Jdet, &, n, x1, X2, x3, x4,

{&, n}=qcoor; {{x1,yl},{x2,y2},{x3,y3},{x4,y4d}}=ncoor;
NfF={(1-&)*(1-n), (1+&)*(1-n), (1+&)*(1+n), (1-&)*(1+n)}/ 4,

dNx= ( J22*dN§-J12*dNn)/Jdet; dNx=Si nplify[dNx];
dNy= (-J21*dNg+J11*dNn)/Jdet; dNy=Si nmplify[dNy];
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Quad 4 Element Formation in Mathematica:
2D Gauss Quadrature Rule Information

QuadGaussRul el nfo[{rul e_, nunmer _}, poi nt _]:= Mdul e[
{xi,eta, pl,p2,il,i2, Wi, W2, k,info=Null},
I f [Length[rule]==2, {pl,p2}=rule, pl=p2=rule];
I f [Length[point]==2, {il,i2}=point,
k=poi nt; i2=Floor[(k-1)/pl]+1; il=k-pl*(i2-1) ];
{xi, wl}= LineGaussRul el nfo[{pl, nuner},il];
{eta, w2} = LineGaussRul el nfo[{p2, nuner},i?2];
i nfo={{xi,eta}, wl*w2};
I f [numer, Return[Ninfo]], Return[Sinplify[info]]];

1

Works for any combination of
p =1,2,3,4,5 andp,=1,2,3,4,5

Calls 1D Gauss rule module of next slide twice
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Quad 4 Element Formation in Mathematica:
1D Gauss Quadrature Rule Information

Li neGaussRul el nfo[{rul e_, nuner _}, point_]:= Mdul e[
{g2={-1,1}/Sqrt[3],w3={5/9, 8/9, 5/ 9},
g3={-Sqrt[3/5],0,Sqrt[3/5]},
wa={(1/2)-Sqrt[5/6]/6, (1/2)+Sqrt[5/6]/86,
(1/2)+Sqrt[5/6]/6, (1/2)-Sqrt[5/6]/6},
g4={-Sqrt[(3+2*Sqrt[6/5])/7],-Sqrt[(3-2*Sqrt[6/5])/7],
Sqrt[(3-2*Sqrt[6/5])/7], Sqrt[(3+2*Sqrt[6/5])/7]},
g5={-Sqrt[5+2*Sqrt[10/7]],-Sqrt[5-2*Sqgrt[10/7]], O,
Sqrt[5-2*Sqrt[10/7]], Sqrt[5+2*Sqrt[10/7]]}/3,
ws={322-13*Sqgrt[ 70], 322+13*Sqrt[ 70], 512,
322+13*Sqrt[70], 322-13*Sqrt[ 70] }/ 900,
=poi nt, p=rul e,info={Nul |, 0}},
==1, info={0, 2}];
info={g2[[i]],
info={g3[[i]], w3
info={g4[[i]], w4
i]],ws
i nf

O WNE

i nfo={g5[ [

p
[
[
[
[
[
[ , Return[N

p
p
p
p
p
n

C [ T

n[Sinpl i fy[info]]l;

ﬁ

Works for p =1,2,3,4,5
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Quad4 Element Formation in Mathematica
HW Exercises 17.1 through 17.3

Y Uniform thicknes =1
A N . . . .
41 | 3 Isotropic material with elastic
T / , O  modulusE and Poisson's ratio
b:ya------------i- ---------- ----> &
10 ; 02 > X
- a >

Script for Ex. 17.2:

ClearAl[Emv,a,b,h]; bxy*a;

ncoor {0, 0},{a, 0}, {a, b}, {0, b}};

Emat =Bm (1-v*2) *{{1,v, 0}, {v, 1, 0},{0, O, (1-v)/2}};

Ke= Quad4l soPMenbr aneSti f f ness[ ncoor, { Emat, 0, 0}, {h}, {Fal se, 2}];
scal edKe=Si npl i f y[Ke* (24*y*(1-v~2)/ (EMh))];

Print["Ke=", Enth/ (24%*(1-v*2)),"*\n", scal edKe// Matri xForni;
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