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Introduction to FEM

| soparametric Representation of
Finite Elements

Geometry and displacements
are represented by
same set of shape functions (iso = same)

Advantages

Unification: same steps for all elements
No need to distinguish straight vs. curved side elements
Quick construction of shape functions
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Befor e | soparametric Concept was Discover ed,
FEM DevelopersDid " Super Parametric" Elems

Element shape functionsrefined,
more nodes and DOFs added

But element geometry was kept simple
with straight sides
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For the3 Node Triangle

Geometric Description
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Displacement | nterpolation
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Super Par ametric Representation
(Triangles)

Triangular
coordinates

€11 G50 G3

v

Shape

functions
Ni(e)

—

Geometry
1,x,y

Displacemen
interpolation

Uy , Uy
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| sopar ametric Representation
(Iso=Equal) for Triangular Elements

Geometry
] 1,xy
Triangular Shape
coordinates _) functions
Z]_a ZZ’ Zg Ni(e)

\ Displacement

interpolation
Uy , W
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Natural
coordinates

Introduction to FEM

| soparametric Representation

Note

Shape

functions
Ni(e)

for any 2D Element

-

Geometry
1,X,y

Displacemen
interpolation

Uy, Uy
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| so-P Representation of 2D
Plane Stress Elements with n Nodes

Element Geometry:
n n n
1 — Z Ni(E), X — Z Xi Ni(e)v y — Z Yi Ni(e)
i=1 i=1 i=1
Displacement I nterpolation

n n
U= ) UaN©,  uy =) uyiN©

Matrix Form of Above

- (e) —_
19 r1 1 ... 1+[MN
N(e)
X X, Xo ... X, 2
y = y1 Y2 cee Yn .
Ux Ug Uy ... Uy,
_Uy— _Uyl Uy2 uyn— | Nr(]e) |
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More Rows May be Added to I nterpolate
other Quantitiesfrom Node Values

1 1 1 17 O
X X; Xy X, i
y Vi Vs Yo || N2
Ux | = | Uy Uy Uy
Uy Uy Up ... Uy
thicknessh h h, h, ... hy || N® |
temperaturd LT 1 LT, T, T, |
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ThelLinear Triangle

3
2
1

- 1 - 1 1 1
X X, Xy Xg N;®
— N(e)
YI[= Y1 Y2 Y3 2 )
e

Ux uxl ux2 uxS Né
_Uy_ ‘uyl Uy2 uyS‘

Nl(e) = {1, Nz(e) = {2, N?Ee) = {3
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The Quadratic Triangle

_ N{e) -
- 17 -1 1 1 1 1 1 N©
X X, Xy X3 X4 Xs  Xg Nze)
Y= Y1 Y2 Y3 Ya Y5 ¥ N (©
Ux Uy Uyxp Uyz Uy Uys Uyg N%e)
Luyd Luy, up, U Uy U Uggd N?e)
| Ng~

N](_e) = 01201 — 1) ere) = 4018
NS® = £2(25 — 1) NS = 4¢a¢s
NS = z3(2¢3 — 1) N = 4¢3
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Quadrilateral Coordinates &, n

Introduction to FEM
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4-Node Bilinear Quadrilateral

rlyorl 119N NP =2a-HA-
X X, X5 Xy X ®)
I S R L) N© =21+ 8)@—n)
y Y1 Yo Y3 Y4 N© © 1
Ux ux1 ux2 ux3 ux4 N?(,e) N3 = Z(l + S)(l + 77)
Sy LUy Uy Uyg Uy =0 o N =2(1-&)A+n)
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9 Node Biquadratic Quadrilateral

1 1
X Xy
YI[=] %
Uy Uy
Uy uyl

NG = fa-6HaA-ntn N =-1a-)A-nn
N =-1a+HA-ntn NP = la+eHa-Pe N =1-£HL-n)
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8 Node " Serendipity” Quadrilateral
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1Y n=-1g
2

Derivation of shape functions is an
Exercise in Chapter 18
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