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Triangles are Still Popular Because of Geometric
Versatility and Ease of Automated M esh Generation
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The Triangle Geometry
and its Nodal Configuration
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Positive Element Boundary
Traversal Convention
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Triangular Coordinates

H+eo+e3=1
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IFEM Ch 15 - Slide 5




Department of Engineering Mechanics PhD. TRUONG Tich Thien

Introduction to FEM

Using Triangular Coordinatesto
Formulate Linear Interpolation

Cartesian form
f(X,y) =a+ a X+ ay

Variation defined by 3 corner values fy, fy, f3

Natural form

C1
f(é'l, 52, §'3) — f151 + f2§2 + f3§3 — [ fl 1:2 f3] §2
{3

fy

— [51 fz Cs] f2

f3

IFEM Ch 15 - Slide 6




Department of Engineering Mechanics PhD. TRUONG Tich Thien

Introduction to FEM

Relating Triangular & Cartesian Coordinates

Triangular to Cartesian:

1 1 1 1714
y YiI Y2 V3 {3

Cartesian to Triangular:
&1 1 [XeYa—Xay2 Y2—Y3 X3—X[1
G2 | = oA X3y1 —X1¥3 Ys3—Y1 X1 —X3 || X
{3 X1Yo —Xo¥1 Y1— Y2 Xo— X1

1 [2A23 Y23 X327 [1

= — | 2A31 Y31 X3 || X
2A12 Y12 Xo1d Ly

Here Xik = Xj — Xk Yik =Y — Y

Ajk denotes the area subtended by corpéss
and the origin of th&-y system
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Partial Derivativesfor Cartesian-
Triangular Coordinate Transfor mations
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Cartesian Partial Derivatives of a
General Triangular-Coordinates Function

f =1({1 62 §3)

of B 1 [/ of N of N of
% _ oA 321 Y23 Y31 Y12

982 903
of 1 (8fx Lot ot
oy 2A\aq 2 ag, O ags

_9f -
- of - d¢q
ax 1 [Y23 Y31 )&2] of
ﬂ - 2A X32 X13 X21 08,
- Y - of

L 3¢z, -

IFEM Ch 15 - Slide 9




Department of Engineering Mechanics

PhD. TRUONG Tich Thien

Displacement I nterpolation

Introduction to FEM

over Triangle

U181 + Uyolo + Uxals
Uy181 + Uyplo + Uysls

IFEM Ch 15 — Slide 10




Department of Engineering Mechanics PhD. TRUONG Tich Thien

Introduction to FEM

Displacement I nterpolation (Cont'd)

Ux = Uyg8y + Uyols + Uxals

Uy = Uyq8q + Uypls + Uyals
U]
|:Uxi| _ |:§1 0 & 0 & O] Ux2 — N u®
Uy 0 & 0 & 0 & upe
Ux3
| Uy3 _
The shape functions aré& =¢; , 1=1,2,3
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Strain-Displacement Relations

Ux1
Uy1
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Stress-Strain Relations
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Element Stiffness M atrix

K © :f hBTEBdQ®
Q(e)

Introduction to FEM

BecauseB and E are constant over the triangle area:

K® — BTEB/ h dQ©
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If the Plate Thickness h is Constant
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Consistent Node Force Vector for Body Forces
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|f Body Forces are Constant over Element

I *
USmg 1 dO® — o do® — t3 do® — %A
Q® Qe© Q©

b, T
we get by same result as
(e _ AN | by straightforward
3 | by "load lumping"

by
—by_

* Above integrals are instances of general formula

1 i ik
_ dQ® =
2A Q(e)§1§2§3 (i+j+k+2)!

1 >0,]>0,k>0

valid for triangles witrstraight sides
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Line Forceson Triangle Side

dy = (1=, )+ 0,0,

L umping to node forces given as Exercise 15.4
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