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Platein Plane Stress

or transver se dimension

Thickness dimension

Inplane dimensions: in X,y plane
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Plane Stress Physical Assumptions

Plateisflat and hasa symmetry plane (the midplane)
All loads and support conditions are midplane symmetric
Thickness dimension is much smaller than inplane dimensions

| nplane displacements, strains and stresses uniform
through thickness

Transversestresses 0,,, Gy, and Oy; negligible

Plate fabricated of homogeneous material through thickness
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Notation for stresses, strains, for ces, displacements

In-plane internal forces

Y
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In-plane stresses (_#T
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Mathematical |dealization as
a Two Dimensional Problem

Midplane
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| nplane For ces are Obtained by
Stress Integration Through Thickness

Inplane stresses
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Inplane internal forces
(also called membrane forces)
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Plane Stress Boundary Conditions

n (unit
exterior normal)

n
7
I +
Gnn
Stress BC details
(decomposition of forces
70 =0 §§ would be similar)
Boundary tractiond or
Boundary displacement8 boundary forcesq
are prescribed dn, are prescribed ofy
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The Plane Stress Problem

Given:

geometry
material properties
wall fabrication (thickness only for homogeneous plates)
applied body forces
boundary conditions:
prescribed boundary forces or tractions
prescribed displacements

Find:

inplane displacements
inplane strains
inplane stresses and/or internal forces
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Matrix Notation for Internal Fields

displacements

U(X, y) — uX(X’ y)i|

L Uy(X, y)

i eXX(Xv y) ]
eX,y) = | eyw(X,y) strains
| Zexy(x, y) _

_Uxx(xa Y) ]
o(X,y) = | oyy(X,Y) stresses
_ny(x, y) —
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Governing Plane Stress Elasticity
Equationsin Matrix Form

€ x d/0X 0 J

&y | =| O 9/dy [ux]
| 2eyy 3/dy /90X y
i Oxx Ei1 Ei2 Eis Ex x

oyy | = | Eio Ex Es Eyy
| oxy Eiz Exz Ess 26y
Ca/ox 0 ajay] | T by

Oyy | + =

0 9/0y 9/dx by

e=Du o = Ee D'oco+b=0

Introduction to FEM

o)
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Strong Form Tonti Diagram of
Plane Stress Governing Equations

N iped Displacement
rescribe ; L
displacement BCs Displacementp Bod)k/)forces
U u=u u r
onfly
) ) e=Du Do+b=0 I
Kinematic in0 in 0 Equilibrium
o~te P ibed
- in Q Force BCs rescribe
Strains e Stresses TS
e Constitutive o on=1 or forcesq
A —
orpn=4
onl;
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TPE-Based Weak Form Diagram of
Plane Stress Governing Equations

P ibed Displacement
rescribe . I Body f
displacement BCs Displacementp ody forces
0 u=u u b r
onr,
i . e=Du OoMN=0  Equilibrium
Kinematic inO inQ (weak)
oc=Ee Force BCs
Strains in Q Stresses (weak) Prescribed
— - tractionst
e Constitutive 9 orf=0 or forcesq
J only
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Total Potential Energy of Plate
In Plane Stress

[I=uU-W

U :%/haTedQ: %/ he' EedQ
Q Q

W = /hudeQ+ hu'tdl
Q

It
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Discretization into Plane Stress
Finite Elements

(@)
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Plane Stress Element Geometries
and Node Configurations
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Total Potential Energy of Plane Stress Element

- (e)
LT

U(e)=%/ haTe:%/ he'EedQ®
Q

(e

W® — /hudeQ(e)+f hu'tdr®
Q®©

re
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Constructing a Displacement Assumed Element

n nodesn=4 in figure

Node displacement vector:

e T
U():[le Uyr Ux2 ... Uxn Uyn]

Displacement inter polation

uiy) = [ BT NP 0 N 0 . NP0 T e
’ Uy(X, Y) 0 N 0 N ... 0 N®
= N u®

N iscalled the shape function matrix
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Element Construction (cont'd)

Differentiate the displacement interpolation wrt X,y
to get the strain-displacement relation

9N N AN T
aX 0 —x 0 aX 0
G C) (e
ex,y)=|| 0 a% 0 a% .. 0 8% u®=Bu®
ONg®  aNg®  aNg®  aNg® IN'® N
L 0y aX ay aX T ay ox

B iscalled the strain-displacement matrix
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Element Construction (cont'd)
Element total potential energy
ne — %u<e)TK(e>u<e> ENCRFIC)

Element stiffness matrix

K (®© :/ hB'EBdQ®
Q®©

Consistent node for ce vector

f© :/ hNdeQ(e)Jr/ hNTtdr®
Qe© e

body force surface force
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Requirementson Finite Element
Shape Functions

| nter polation Conditions:
N takeson value 1 at nodei, Oat all other nodes

Continuity (intra- and inter -element)
and Completeness Conditions

are covered later in the course (Chs. 18-19)
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