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Introduction to FEM

Multifreedom Constraints

Single freedom constraint examples

Uxg = 0 linear, homogeneous

Uyg = 0.6 linear, non-homogeneous

Multifreedom constraint examples

Uyo = %uyZ linear, homogeneous

Uyo—2Uxa+Uyxs = 0.25 linear, non-homogeneous

(X5+Uxs—X3—Uxz)*+(Y5+Uys—y3—Uyz)° = O

nonlinear, homogeneous
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Sour ces of M ultifreedom Constraints

" Skew" displacement BCs
Coupling nonmatched FEM meshes
Global-local and multiscale analysis
| ncompressibility

M odel reduction
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MFC Application Methods

Master-Slave Elimination Chapter 9
Penalty Function Augmentation |
L agrange Multiplier Adjunction r Chapter 10
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Example 1D Structureto lllustrate MFCs
}i,fl }kﬁ }&JB }ﬁﬁ }&JS }&JG }iﬁ

(1) (2) (3) (4) (5) (6)
O e e e e ) ———3> X
1 2 3 4 5 6 7

M ultifreedom constraint;

Up=Us or Ux—Us=0

Linear homogeneous MFC
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Example 1D Structure (Cont'd)
up, fi (uy, Ty qug, T3 Uy, fp qus, T UG, T (uo, 1y
}_('1) }_('2) }_fs) }_?4) }_?5) }_?6) }—' y
O Qe e e e ) ————>
1 2 3 4 5 6 7
Unconstrained master stiffness equations

K1y Ko O 0 0 0 0]
Kio Koy Koz 0 0 0 0
0 Koz Kizz Kzg 0 0 0] U3 f3
0 Kzu Kau Kgys O 0
0 0 Kss Kss Ksg O
0 0 0 Ksg Kgs Ko7 || Us fe
0 0 0 0 Kg K

0
0
0
0

or Ku=f
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Master-Slave M ethod for Example Structure

Recall: U = Ug or Up —Ug =0

Taking u, as master:

"w] [1 0000 0], -
Uy 01oooou1
Us 001ooou2
u4=0001oou3
Usg 00001ou4
Ug 01oooou5
L u, |0 000 0 1]-"7-
or u=TaQO.
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Forming the M odified Stiffness Equations

Unconstrained master

stiffness equations: Ku=t

M aster -slave tr ansfor mation: u=T0Jd

Congruential transfor mation: K —TTKT
f=TTf

M odified stiffness equations: KO =f
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Modified Stiffness Equations for Example Structure

Ku =f
In full
B K11 Kio 0 0 0 01T R ] [ fl ]
Ko Ko+ Kg Koz 0  Ksg Kg? up fo + fe
0 K23 Kz Kz O 0 us | f3
0 0 Kaa Kag Kgs O Us | fq
0 Kse 0 Ksg Kss O Us f5
B 0 Keg7 0 0) 0 K77 1 Lu7._ | f7 B

Ve

Solve for U, thenrecoveru = T
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Multiple MFCs
Suppose

U, — Ug =0, ui; +4uy =0, 2u3 +Us+Us=0

Pick 3,4 and 6 as slaves:

Ug=Up,  Us=—3U;,  Ug= —2(Us+Us) = 2Us — 3Us
Put in matrix form:
0.7 1 0 0 0
1
U 0 1 0 O
U -
U3 % 0 _% 0 u;
us |=|1 -1 0 0 0O
Us 0 0 1 0Ly,
Us 0 1 0 O
L U7 . 0 0 0 1l

Thisis u= T O - then proceed as before
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Non-homogeneous MFCs

Uo — Ug = 0.2

Pick againug as slave, put into matrix form:

1000 0 O] -
o1ooooul
001ooou2
0001oou3+
00001ou4
01oooou5
0 000 0 1]%7"-

Introduction to FEM

O OO oo

-0.2
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Nonhomogeneous MFCs (cont'd)

u=Tu+g

g = "gap" vector

Premultiply both sides byl T K, replaceK u =f and pass data

to RHS. This gives

KU =

K=T'KT and f= T7(f =K @)

with

For the example structure

[ K11 K12 0 0
Ko Koo+ Kegs Koz 0
0 K2z Kz Kag
0 0 Kas Kug
0 Kse 0 Kgs
0 Keg7 0 0

0
Kse
0
Kas
Kss
0

f

a modified force vector

o117 Uq ] [ f]_ ]
Ke7 Us fo + fg — 0.2Kge

0 Us | f3

0 Usg o f4

0 Us f5 — 0.2Ksg
K77_ | U7 f7 — 0.2Kg7

Solve for U, thenrecoveru= T (0 + @
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Model Reduction Example
}&ﬁ }kﬁ }&ﬁ }ﬁﬁ }ﬁfs }&JG }iﬁ
(1) (2) (3) (4) (5) (6)
O jm—) —————3»> X
1 2 3 4 5 6 7
%’:fl/ 2 master DOFs to be retained }ﬁﬁ
' ' ' —>» X

5 slave DOFs to be eliminated
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Model Reduction Example (cont'd)

Lots of slaves, few masters. Only masters are left. Example of previous s
"u;] 1 07
uy 5/6 1/6
Us 4/6 2/6 |
1
5 slaves—ygesy U4 | = | 3/6 3/6 [ %‘U— 2 masters
Us 2/6 46 | LY
Us 1/6 5/6
luzf L O 1

Applying the congruential transformation we get the reduced stiffness equa

|:|§11 l§17:| |:U1] _ [ fA1:|

Kiz K77 ][ U7 f7

where
Ky = % (36K 114+60K 124 25K 2p+40K 23+ 16K 33+ 24K 34+ 9K 44+ 12K 45+ 4K 55+ 4K 56+ K gg)
Ki7 = % (6K 12+5K 20+ 14K p3+8K 33+ 18K 34+ 9K 44+ 18K 45+8K 55+ 14K 56-+5K g6+ 6K 67)

K77 = %(K22+4K23—|—4K33+ 12K 34+9K 44+24K 45+ 16K 55+40K 56+25K g6+ 60K 67-+36K 77)
fi = 2(6f1+5f,+4f3+3f4+2f5+ fe), f; = £(fo+2f5+3f4+4fs+5f+6f7).

lide:

Ations
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Model Reduction Example: Mathematica Script

(* Mbdel Reduction Exanple *)
Clear All [ K11, K12, K22, K23, K33, K34, K44, K45, K55, K56, K66,
f1,f2,f3,f4,f5,f6];
K={{K11, K12, 0, O, 0, O, 0}, { K12, K22, K23, 0, 0, 0, 0},
{0, K23, K33, K34, 0, 0, 0}, {0, O, K34, K44, K45, 0, 0},
{0, 0, 0, K45, K55, K56, 0}, {0, 0, O, 0, K56, K66, K67},
{0,0,0,0,0,K67,K77}}; Print["K=",K/ /MtrixForm;
f={f1,f2,f3,f4,f5f6,f7}; Print["f=", f];
T={{6, 0}, {5, 1},{4,2},{3,3},{2,4},{1, 5} {0, 6}}/6;
Print["Transformation matrix T=",T//MtrixForm ;
Khat =Si npl i fy[ Transpose[T] . K T];
fhat=Si npl i fy[ Transpose[T].f];
Print["Mdified Stiffness:"];
Print["Khat(1,1)=",Khat[[1,1]],"\nKhat (1,2)=",Khat[[1, 2]],
"\'nkKhat (2,2)=",Khat[[2,2]] ];
Print["Mdified Force:"];
Print["fhat(1)=",fhat[[1]]," fhat(2)=",fhat[[2]] ];

Modi fied Stiffness:
Khat (1, 1):31—6 (36 K11 + 60 K12 + 25 K22 + 40 K23 + 16 K33 + 24 K34 + 9 K44 + 12 K45 + 4 K55 + 4 K56 + K66)
Khat (1,2):51w (6 K12 + 5 K22 + 14 K23 + 8 K33 + 18 K34 + 9 K44 + 18 K45 + 8 KE5 + 14 K56 + 5 K66 + 6 K67)

Khat (2, 2}:% (K22 + 4 K23 + 4 K33 + 12 K34 + 9 K44 + 24 K45 + 16 K55 + 40 K56 + 25 K66 + 60 K67 + 36 K77)

(o2}

Modi fi ed Force:

:% (6f1+5f2+4f3:+3744215+16) fhat (2)-—

fhat (1) =5

(f2+2f3+3f4+4f5+5f6+617)
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Assessment of M aster-Slave M ethod

© ADVANTAGES
exact if precautionstaken
easy to under stand
retains positive definiteness
important applicationsto model reduction

& DISADVANTAGES
requires user decisions
messy implementation for general MFCs
hinder s sparsity of master stiffness equations
sensitive to constraint dependence
restricted to linear constraints
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