Chuong 5

UNG SUAT VA BIEN DANG

£1. UNG SUAT:
1.1. Khai niém:

Chia vat bing mot mit cit va khdo sat tinh chi't clia cdc luc ti€p xic truyén qua mit ndy
do phan tich ra tic dong 1én. Cic lyc ti€p xdc phan bd khdp mit cit vdi chiéu va gid tri
thay ddi, ching dugc goi 12 ng luc (hay tng suit) t tai mot di€m.

|:3 Hinh 5.1

Xét mot di€ém M trén mit cit vi mot phin td dién tich chung quanh M: dA. N€&u goi ting
luc trén dA 1a dP, thi ¢ing sudt T tai M trén mit phing vudng géc oz la:

- dP,
t

= —— khi dA —> O (5.1
dA

Chon hé truc Cartesian nhu hinh 5.1, v6i oz vudng géc véi mit cit; cdc vector don vi
trén 0x, Oy, Oz lan lugt1a: i, j, k
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Thé thi ng sui't cia mot 1 di€m M trén mit phing vudng géc vdi truc oz 1a:

t=oc K+t .j+71, .1 (5.2)

G, Ung sudt phap
Ty, To Céc Ung sudt i€p (T=71,,.J +T,.1).

Chi s6 z ngu y T niim trén mit phing vudng géc vdi truc z va chi s6 thit hai (x, y) chi
phuong song song cta T.

Qui udc ddu ciia cdc thanh phdn ting sudt nhu sau:

e Ung sudt phdp o, xem 1a duong khi vector biéu dién né ciing chiéu véi phdp tuyén
ngoai clia mit cit.

o Ungsudtti€p : 1, , 1,, la duong khi vector biéu dién né ciing chiéu véi Oy, Ox.
1.2. C4c thanh phan ng suit:

Tach mot phan t6 tai M bing 6 mit vi phan tryc giao voi cic truc toa do (hinh 5.2a).
Trén 3 mit vi phan duong c6 cdc vector tng sudt: t , € t

XYy z
Z
A7
\z ji o,
T : A
‘ T, KT,
S 4
L | 5 ﬁy Az
AT » O
— ) x =y
n, -— M=0 /
o=M | dy T T e,
dx ‘. G,
X
X a) H\lnh 52 b)

MJi vector trong chiing c6 3 thanh phin song song vdi 3 truc toa do:

_fx {Gx’Txy ’sz }’ _fy {Tyx ’Gy’TyZ}’_t.Z{TZX ’TZY ’GZ} (53)
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By gid ta hinh dung ring cdc mit vi phan vo cling bé va tit cd tip trung quanh 0 = M.
Liic d6, cdc thanh phan ¢ng sudt: 6,7, (i,j = x,y,z) 1a cdc thanh phdn ciia 3 vector
{ing suit tic dong tai cting mot diém trén 3 mit phing vi phan truc giao tirng d6i mot.
Nhu viy, ta c6 mot khdi niém: ¢ng suit tai 1 di€ém dugc dic trung bdi 9 thanh phin va
ching dugc vi€t dudi dang 1 tensor.

Gx Txy sz
T, =47, c, T, (5.4)
sz sz GZ

£2. TRANG THAT UNG SUAT:
2.1. Trang thai @ng suit tai 1 diém:

N&u cho qua M nhitng mit cit © khdc nhau, thi twong ¢ng v6i mdi vi tri cda © ta dudc 1

vector ng sudt t . Tap hdp tit cd moi U cda tat cd cdc mit qua M dugc goi la trang
thdi 'ng sul't tai M.

Tap hop d6 khong 13 mot tdp hop cic vector doc 1ap. Thuc vy d€ khio sdt trang thdi
tng sult tai mot diém M cla moi truong lién tuc, ta dua vao cac truc 0x, Oy, 0z véi
0=M clia mot hé toa do cartesian va tdch ra mot phan t§ tf dién 0ABC, (hinh 5.3a).

x Hinh 5.3 b) x

Goi: ﬁ{nx .0, nz} 12 phdp tuy&n don vi cla mit phang nghiéng
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e dA la dién tich cla tam gidc ABC

e dA,la dién tich cia tam gidc 0BC = dA, = dA.n,
e dA, la dién tich cia tam gidc 0AC = dA, =dA.n,
e dA,la dién tich cia tam gidc 0AB = dA, =dA.n,

i, & ﬁ{px,py,pz} 12 ¢ng suét trén cac mit 0BC, 0AC, 0AB, ABC.

X2y z

-

i, 3, k 1 vector don vi trén céc truc toa do.

Thé thi:
t, = —(ze+rxy 3+rxz.lz)
i, = -G, i+0,. 3+, .K) (5.5)
t,=-(,.i+1t,.j+ o0,k

2.1.1. Piéu kién vector tdng bing khong (vector chinh biing khong):
Tir diéu kién cin biing clia phan td:

t_.dA + t,.dA + 1, .dA + p.dA =

- - . (5.6)
- t,.n, +t .n, 2+ t,.n, + p =0
Chi€u xudng céc truc:
p,=0,.nn, + 1t .0 + T, .0,
p,=71,.n ,+0 .0 + 1T, .0, (5.7)
p,=1t,.n_ + 1T, ,.n + 0 ,.n,
Pj= Gy (5.8)
Va:
2 2 2
c,=o N, +o,Nn +0,Nn; +2r, n.n +2r,NN +2r, NN, =0o;nNN; (5.9
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2.1.2. Piéu kién moment tdng biing 0 (vector moment chinh béing khong):
Tur diéu kién cin biing clia phan t&:
Goi 0': trong tim cda tam gidac ABC.

Dung hé truc toa do o x/y/ Z 1 Oxy z.

S m(i,i,,T,.p)/, =r1,.dA Z.%— T, .dA y.%: 0
Y m(E.5,.T,.5) 0, =t dA Z.%- . dA X.OTA: 0 (5.10)
S m(i,.%,.1,.5)/ =1, .dA y.OTB— v, A X.OTB: 0
Vi:
dAZ.%z dAy.OTB: dAx.%: dV : thé tich t dién (5.11)
Nén
T, =T,5T,=T, $T,=T, (5.12)

Tir k€t qua nay ta rit ra 2 hé ludn:

a.) Trén 2 mit vi phin truc giao, cic thanh phan @&ng suit ti€p vuodng géc vdi canh chung
thi bing nhau va c6 chiéu ciing huéng vao hay huéng ra canh chung. Pay 1a nguyén Iy
tuong hé ciia iing sudt tiép.

b.) Tensor ng suat 13 mot tensor ddi xitng; do d6 trang thai ¢ng sudt tai mot diém cia
mdi trudng lién tuc chi con phu thudc 6 thong s6 va dudgc dic trung bdi tensor ng suit

T = c T (5.13)
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2.2. Phudng chinh va d@ng suit chinh:

N&u ¢6 mdt mit cit ma trén d6 phuong cia p trang véi phuong phdp tuyén 0 thi mit
dé dudgc goi 1a mit chinh. Lic d6 cdc thinh phian Gng suit ti€p bing khong: 1, = 0 va
thanh phan &ng suit phdp : o, dugc goi 1a tng sudt chinh.

p=o,i (5.14)
Phuong chinh ctia mét chinh dugc xdc dinh nhu sau:
TI\I(514) px = Gn'nx ’ py = cYn'ny ’ pz = cyn'nz ’ (515)

Tur (5.15) va (5.8):

(c,-0,)n, +t,.n, +71T,.n, =
rxy.nx+(0y—c5n)ny+rzy.nz=0 (5.16)
T,-N,+7T,.n, +(c,-0, )n, =0

Trong d6 n,,n,,n, 1a 3 4n s phai tim.
Vi 1i 1a phdp tuy€t don vi, nén : ni + nj + ni =1. Piéu nay chiing t4 n,ng,n,

Khong thé ddng thdi bing khong va nhu vay dinh thifc cia hé phuong trinh thuan nhat
(5.10):

(Gx - Gn) Tyx sz

TX)’ (Gy - Gn) sz = O (517)

Ixz Iyz (Gz - Gn)
Khaitrién: 6} - [,62 -1,.0, -1, =0 (5.18)
Véi:

I, =0, +o,+0, (5.19)
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I _ o X T yX . G y T zy N c z T Xz
, =
T Xy o y T yz © z T zX G X (520)
_ 2 2 2
=-0,6,-0,0,—-06,06_+ 71, + 71, + 71T,
Gx Tyx sz
2 2 2
L=, o, 1,|=0,0,0,+21,.1,1,—-0,.T, 0,1, —0,.T, (5.21)

I, I, 15 : dugc goila 3 bat bi€n (khong phu thudc hé toa do) clia tensor Gng suat.

Xét 1 mat nghiéng so v6i 3 phuong chinh 1, 2, 3. Phdp tuyén cia mit nghiéng 1a x. Ung
sudt phap clia mit nghiéng:

6,=0,n.,+06,n.,+o,n, (5.22)

X x1 X2

Véi ﬁx{ n,+ n,+n, }: phip tuyéndonvi { n’, + n2, +n2, =1 }

Hinh 5.4

-Tuong ty xét 1 mit nghiéng cdc phdp tuyén don vi:

= = 2 2 2
ny{ n,+ n,+n, P n,(nj, + nj,+n, =1 (5.23)
6. =c,.n’, +o,n>, +o,.n’ (5.24)
y 1*7 7yl 2°77y2 3*77y3 :

-Va miit nghiéng c6 phdp tuyén don vi ﬁz{nzl,nﬁ,nﬁ} vudng géc v6i 2 mit trén
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(n2, +n2,+n2, =1) (5.25)
2 2 2
c,=0,n,, +0,.n,,+0,.n,, (5.26)

Do d6:

2
z

2 2 2 2 2 2 2 2
c, +0,+0, =0,(n,, +n}, +.n,)+G,(n,, +n, +.0},)+C,(n, +n; +.n;)  (5.27)

—

Vi ﬁx,ﬁy,nz 1a 3 phdp tuyén don vi vudng géc v6i nhau tirng déi mot, nén:
2 2 2 . 2 2 2 1.42 2 2
n, +n,+n, = I;n, +n,+n, = I;n, +n,,+0n, =1 (5.28)

Va do (x,y, z) 1a 1 hé toa do vudng géc bat ky, nén:
6,+0,+06, =0,+0,+0;=const (5.29)

11
Phuong trinh (5.18) ¢6 3 nghiém s8, c6 thé xdy ra 2 trudng hgp: hoic ci 3 nghiém déu
thuc hay 1 nghi€ém thyc va 2 nghi€ém phuc lién hiép.

Xét trudng hgp ¢6 3 nghiém thuc:o,,6,,6,. Cdc phap tuyén don vi tuong Gng vdi 3
nghiém do:
ﬁl{nxl’nyl’nzl };ﬁZ{HXZ’nyZ’HZZ };ﬁ3{nx3’ny3’nz3} (530)

Tu (5.16):

(Gx - Gl )nxl + Tyx‘nyl + sz'nzl = O
Txy‘nxl + (Gy o c51 )nyl + sz'nzl = O (5 31 )
sz‘nxl + Tyz'nyl + (GZ - cSl )'nzl = O

Nhan phuong trinh thd nhat v6i n_,, phuong trinh thd 2 véi n,va phuong trinh thtt 3 véi

n,, roi cong lai:

[(csx — csl)nxl +7T,.0, + t,..n,In , + [rxy n,+ (csy — csl).nyl +

(5.32)
+1,.n,ln,+[t,n, +1,0n, + (GZ - csl).nzl].nz2 =0

Tuong ty:
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(o, —o,)n,, + T, 0, +T,.0,n, +[t n,+ (Gy -0, ).ny2 +7T,,0,]n, + (5.33)
+[t,,n, +7,.0,+ (6,-c,)n,]n, =0

Trir (5.33) v6i (5.32)

c.—-o,mn...n.,+n,,.n,+n_ .n_, =20
( X 2) x1 x2 yl y2 z1 z2 (534)
Vo, & o,.
Vay:
n ,.n ,+n,,.n ,+n,.n,, =20 (5.35)

Pi€unaychingté i, 1L i, < 6,15,
Viy: cdc phuong chinh vudng géc voi nhau tirng d61 mot.

Ta c6 thé chitng minh trudng hdp 1 nghiém thyc, 2 nghiém phic lién hiép 12 khong tén
tai! (ty ching minh).

Tém lai, tai mdi di€m clia vat thé dan hdi ta luon tim dude 3 phuong chinh. Trén cic
mit chinh cdc ng sut ludn tring v6i phap tuyén cla mit chinh, goi l1a cdc ng suit
chinh; qui ué¢ o, > o, > c,.Céc @ng sudt chinh khong phu thudc viéc chon truc toa do.

P& tim 3 phuong chinh 1, 1,0, ta lan lugt thay O, G,, G,vao vi tri G,clia hé phuong
trinh (5.16). Mdi 1an thay O, ta s& tim dudc phuong chinh thi i:

ﬁi{nxi’nyi’nzi}’ (i:1’2’3)
biing cich két hop vdi phuong trinh: N, + 1, + 1 =1. (5.36)

2.3. Cac trang thai Wng suat:

Néu chon cdc phuong chinh lam hé truc toa do, tensor ng suit c6 dang:

c, 0 O
T.=40 o, O (5.37)
0 0 o,
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Khi 6,,0,,6,déu khdc khong thi ta goi trang thdi &ng suat tai mot di€m 1a trang thdi tng
suat khoi, (hinh 5.5a).

Khi c6 1 trong 3 @ng suit chinh biing O thi ta c6 trang thdi &ng suit phiang, (hinh 5.5b).

Khi c6 2 trong 3 tng suit chinh bing 0 thi ta ¢6 trang thdi ¥ng suit don, (hinh 5.5¢).

- G. c C, © Gy
(51 '{3 1 1 1 1
a) czl b) Gzl C)
Hinh 5.5

2.4. Tudng quan giita ndi lyc va ¥ng suat:

Goi fZ{TZX,‘CZy,GZ} 12 Gng sudt tai 1 di€m bat ky trén mit cit (xem hinh ): K(x,y). Lay 1

phin t§ dién tich dA chung quanh A. Sdu thanh phan noi lyc 12 do 4nh hudng cda 3
thanh phin ng suat trén toan bo mit cit gy nén:

 =+[yo,dA : M, =z1[-x0,dA (5.38)
A A
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(dau +, - cho mit cit thudc phan vat bén trdi, phai).

2.5. Phuong trinh vi phdn cAn bing:

Xét mot phin td ¢ kich thude vi phian dx, dy, dz. Goi X, Y, Z 1a cdc thanh phan hinh
chi€u ctia Iyc thé tich trén mot don vi khdi lugng cia phan t& va p khdi lugng riéng.

2 o, ,+—-dz
a
oz

A
ot
dzT T +——dy

?/L' ’

X
T, +——dz

Hinh 5.7

Phuong trinh vi phan cin bing theo x, y, z:

0
80x+ T +8rxz b X
0 X oy 0z
07T, +66y+8ryz+pY
0 X oy 0z
0
aﬂczx TZY +aGZ+pZ
0 X oy 0z

£3. TRANG THAI UNG SUAT PHANG:

3.1. Pinh nghia va cach bi€u dién:

(5.39)

Pa s6 bai todn thudng gip 1a nhitng bai todn di xdc dinh mot mit chinh va trén mit
chinh d6 ng suit bing khong, lic d6 ta c6 trang thdi &ng suit phing. VAy trang thdi
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ing suit phang khi, tai 1 di€m, vector &ng sudt (tdng) ludn nim trong cling mdt mit
phing, véi moi mit vi phan khdo sat. Tensor clia trang thdi ing suat phing:

X Xy
T, =17, c, 0 (5.40)
0 0
Hay
s, 0 O
T,=40 o, O (5.41)
0 0 0

y T y
R ;
A
Bl Ty
Mo 2l | Lo
X
N
/ 9 B lﬁg
Z
Hinh 5.8

3.2. Ung sut trén mit cdit nghiéng ba't ky:
Goi a=(xn)
Diéu kién cAn bing:

= 6 ,.C0s o + T, .sin «

.COS o + 6 .sin O (5.42)
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pip..p,§ hay plo.t} (5.43)

// y ©
Gx 4_1 / T
7
T, N\ P
Xy // x
/N X
0 i\t
o,
Hinh 5.9

Chi€u py , py 1én phuong phdp tuy€n n va ti€p tuy€n t clia mit nghiéng:

. 2 . 2 .
G =p,.cos0+p,.sin0=0,.cos" a.+ G, .sin” o+ 27, sinocosa (5.44)
G, +0, ©,—O, )
o= + coL0+T, .sin2a (5.45)
2 2 "y
. G, —O, .
T=p, SinaL—p,.coso.= 5 sin2a— 1, cos2a (5.46)

3.2.1. Piéu kién x4c dinh phuong chinh:

21,
1=0tg2a = . (5.47)
o, -0,
1 21, T
& o = —.arctg — |+ — (5.48)
2 G, — O, 2

3.2.2. C4c ng suat chinh:
Ta c6 mot tng suat chinh: 6, =0
Hai tng sut chinh con lai dudc xdc dinh:

+1 +tg2a

— ; sin2a = ———
JI+tgi2a JI+tg?2a

cos 20 = (5.49)
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G, +0, G, —O, ’ 5
=0, = + +7T, (5.50)

Cac tng suat chinh: o, = max[o;, oj, okl; 03 = min[c;, Gj, ok].

3.3. Vong tron Mohr d@ng suit cho trang thdi dng suit phiang:
T

3.3.1. Vong tron Mohr:

a)
a
G
Alo0 c 20,
M J p
H|B
Txy B
o
\ D
Gy
(o, +0,)/2
G)C

b) ' / -
3 ~
(e}

E
3
7, o,
A\ O\ pp ¢ N o,
/ J

le)
Sl

=1

min

i

Tmjin

(¢
o, 1

Hinh 5.10
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Tu 2 cong thic (5.45) va (5.46) ta c6:

2 2
(G—G* ZGYJ i =(G* 2Gyj 7 (5.52)

I 1Y
[G__lj +T2=(_lj 41, = const (5.53)
2 2

Tir (5.52) va (5.53) ta thdy ring:

N&u chon hé truc toa d6 phing vudng géc (o, 1) thi ta c6 thé bi€u dién trang thdi Gng
sudt phing cia 1 diém bing 1 dudng tron, goi 1a vong tron Mohr tng suat.

Trong cong thitc (5.45 ) va (5.46 ), cho o bi&n thién tir 0 t6i 27, ta khdo sat sy bi€n thién
cla G, ,T, , im dudc cdc mit cit noi o, hoic T, dat cuc tri. Tuy nhién phudng phdp gidn

tién khao sat o, ,t, theo a dugc d4p dung nhG viéc dung mdt vong tron (goi la vong tron
Mohr tng suit) theo trinh ty sau, (hinh 5.10.a).

- Lap hé truc toa dd sit (o, -1) c6 truc ¢ song song v4i truc X trén hinh;
- Tir gbc toa do dit cac doan OM = oy vaON= o,;
- Chia d6i doan MN, ta dudc di€m C;

- Xéc dinh vi tri diém P c6 toa do P (Cy, ~Txy)- Piém P dugc goi 12 di€m cuc clia vong
tron.

- LAy di€m C lam tAm, vé& vong tron ban kinh R biing doan CP.

P& tim tng sudt trén mit cit xdc dinh bdi géc a.. Thdéa min diéu kién (5.45) va (5.46)
ta lam nhu sau: Tir P ké dudng song song vdi truc hoanh, cit vong tron tai di€ém D. D&
dang nhan thdy DN song song véi PM. Tur P ké tia P, hdp vdi truc ¢ géc a. Giao cia P,
vdi vong tron ta ki hiéu 12 G. Toa dd G trén truc hoanh va truc tung 1an Iugt cho ta cic
gid tri G, ,T,. Sau diy ta s& chitng minh di€u nhan dinh trén. T G ké GH vudng géc véi
truc hoanh, cit truc hoanh tai di€ém H. Ta cAn chitng minh OH = &, va GH = 1,. Ky hiéu
g6c

<DCB = B. Tl cdch dung vong tron ta c6 1 s6 hé thifc sau:

< GCD =2a; (5.54)
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MN =0c,_ -0
MC=CN=MN/2=(o, —Gy)/2;

OC=0OM+CM =0, +(0,~6,)/2=(c, +5,)/2; (5-55)
R=vVCM’ +MP’ = /[0, ~5,)/2f +7°,
—1J4 2 +(0,-0,) 5.56)
) Ty (o, Gy) (5.
Viy ta s€ co:
CH =R.cos(< GCD — < DCB) = R.cos(2a —f) 557
= R.cos 2a.cos B + R.sin 2a.sin (5.57)
Dé y CD =R, viy tir tam gidc CDN ta c6:
R.cos B =CN =(o, —0c,)/2;
. (5.58)
R.sin B = DN =1t
Nén biéu thic (j) c6 dang:
c,—C _
CH=———.cos2a+r1,,.sin20 (5.59)
suy ra:
+ —
OH =0C +CH = 2x~ %y %= % o500+ T, -Sin 20 (5.60)

2

So sanh biéu thifc cudi v6i biéu thite (5.45 ), ta nhan thd'y hoanh dd di€m G cho ta gid tri
ttng sudt phdp o,.

Tuong ty ta co:

GH = CG .sin (< GCD - < DCB )= R.sin( 2a - B)
= R.sin 2a.cos B — R.cos 2a.sin B (5.61)
G, - O ,
= ——2 sin 204 — T, .COS 2
2 Y
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So sanh bi€u thitc GH vira thu dudc véi bi€u thiic (5.46 ) ta thdy GH = 1,.
3.3.2. Cic nhan xét rit ra tif dic di€m cia vong tron vong Mohr #ng suit:

3.3.2.1 Giao clia vong tron véi truc hoanh (di€m A va di€m B) 12 noi c6 ¢ng suit ti€p
bing khong. Vay 0A, OB 1an lugt cho ta 2 gi4 tri ing sudt chinh con lai. Ngoai ra, ta con
nhan thdy trong moi gid tri ng sud't phdp thi OA cho ta gid tri nhd nhat va OB cho ta gid
tri 16n nhat.

0OA =0, =0,;0B=o0c = o, (5.62)

min max

(tng suat chinh thit 2 bing 0, trén mit vudng goc truc z).

3.3.2.2. Phuong ctia phdp tuy&€n mit cdt so vé6i truc x trén hinh 5.9, trung véi phuong tia
P, trén hinh 5.10a. Vi vdy tia PB, PA 1in lugt 12 phuong phdp tuyén mit chinh thit nhat
va mat chinh th ba (ky hi€u i, i, trén hinh 5.10b ).

DPE y géc <APB chin cung nia vong tron, vi vay i, Lii,, vdy 2 mit chinh vudng géc
nhau, dong thdi vudng géc v6i mit chinh thi 2 12 mit c6 truc z lam phép tuyén. Dicu
nay hoan toan phi hdp v6i két ludn rit ta & muc tng suat chinh d6i véi trudng hgp trang
th4i ng suat tong quat.

Tu hinh v& ta suy ra gid tri 2 ¢ng sudt chinh con lai:

G, — 0O
G =0B=0C+R =%+%\/4riy +(6,-0,)
N 1 (5.63)
G, +to >
o =0A=0C-R =% L T
PM T
tg a, = =
MB G max - G y
5.64
- . (5.64)
tg o, = — = —
MB o y G min

3.3.2.3. Piém trén vong tron cho gid tri tng sudt ti€p 16n nhit 13 di€m giao dudng tron
vdi dudng kinh song song truc tung, tic tai cic diém E, F. Ta c6:

1. =-1_. =R = ;—\/4riy + (Gx — Gy)2 (5.65)
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3.3.2.4. Phuong clia vector phap tuyén clia miit nghiéng cho tri 'ng suat ti€p 16n nhat 1a

phuong PE va PF (ky hiéu fi__,i__trén hinh 5.10b). P& ¥ géc < EPF chin nira cung

Tmin

hay cdc mit chita ¢ng suit ti€p 16n nhit vudng goc

Tmax’
vong tron, vay o L n

max T min

nhau. Ngoai ra:

to a _El  R+JC R +PM R+ 1,
8 &em = By MC MC (6. -0.)1/2
g (5.67)
- JF R - JC R -1,
tgarmin = = = = =
PJ MC (c,-0,)/2

3.3.2.5. G6c & tAm chidn cung AE 1a 90°, vy cdc phdp tuyén nay hgp v6i nhau géc 45°.
Tir ddy suy ra mat chinh va mit chita ng suét ti€p cuc tri hdp vi nhau géc 45°,

3.3.2.6. Tir cdc biéu thic (5. 63) ta suy ra:

c +06,.,. =06_+0C (5.68)

tic tong ¥ng sudt phap trén 2 mit vudng géc nhau 1a mdt hiing s6.
3.3.2.7. Tt hinh 5.10b ta c6:
T =(c..—-06_)/2 (5.69)

3.4. Cdc trang thai Wng sud't phiang diic biét:
3.4.1. Néu o,,6, <0 (nén):

Vong tron Mohr nim hoan toan phia trdi truc -t (hinh 5.11.a); di€u nay 1a 1y tuéng cho
vat liéu chiu kéo kém (d4, bétdng,...).

17 A
O. 62 E
AN T T -
— - U -6 = g 62\/ o,
o, o,
! Q T n "
Hinh 5.11
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3.4.2. Néu o, > 0 (kéo) & o, <0 (nén):

Vong tron cit truc -t §2 diém E, F trén do o = 0 (hinh 5.11.b).
343.N€u 6, >0 & 5,=0:

Ta c6 trang thai kéo thudn tdy, (hinh 5.12.a).

3.44.Néu ,<0 & 6,=0 :

Ta c6 trang thai nén thuan tdy, (hinh 5.12.b).

345.Néu o, =0, :

Vong tron c6 tAm dit & gdc toa dd va ta c6 trang thdi ng suit thiy tinh. Lic ndy moi
mit déu chiu mot &ng sui't don, (hinh 5.12c).

3.4.6. Néu c,=-0,>0:

Vong tron ¢ tim dit & goc toa do va ta c6 trang thai &ng sudt trudt thuan tdy. Trén cic
mit nghiéng 1 géc 45° so véi phuong chinh (E, F), cdc tng sudt phip ¢ = 0
va ing sudtti€p t = + o , (hinh 5.12.d).

C =T

Ya
(D
Ya
Ya
(e
Jm
Ya

k
A
o, vq A
a)

Hinh 5.12
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£4. BIEN DANG:
4.1. Chuyén dong, chuyén vi va bién dang:

Khio sat mot vat thé dan hdi chiu lyc. Goi I' 13 hinh th4i ban diu trong hé toa dd Oxyz
ldc chua chiu Iuc, va TV 12 hinh théi cGia vat khi chiu Iyc (hinh 5.13).

T ' .
Z ds
/A\l_‘
dS | .
P 71 Q
P
g /
— 7 /
r / /
o | LFN /
V% y
0 _////22@
X Hinh 5.13

Goi P13 1 diém bat ky trong T’ dudc xdc dinh bdi vector T {X, ¥, z } .

Sau khi tdc dung luc P ¢6 vi tri P trong I’ dugc xdc dinh bdi f{X,y,Z}

Ta goi chuyén dong, hay su thay di vi tri cia moi trudng lién tuc 12 phép bi€n ddi diém.
Tuong quan giita P va P12 quan hé 1-1 giita cdc diém ctia mién T va T”,

. 2 . e R N
Ta goi chuyén vi ctia di€m P 1a vector:

ﬁ:PP’:f'_f:ﬁ{u,V,w} (5.70)
Céc thanh phan clia vector chuyén vi i : {x' - X,y —y,z — z}
Tap hdp cdc vector i tao thanh trudng chuyén vi.

Khi mdi trudng thay ddi hinh thai, mdi phan t& thé tich bi thay d6i hinh dang, néi ngin
gon 12 n6 bi bi€n dang; su bi€n dang nay thay d6i tir di€ém nay sang di€m khic. PE khdo
sat bi€n dang tai 1 diém, ta kh3o sit cich van dong clia mot phan i thing ds ndi di€m
P(x, y, z) v6i Q(x+dx, y+dy, z+ dz).
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Néuds la dnh ciia ds, ta cé thé chia su chuyén dong thanh:

- Sy chuyén dong tdng thé mang ds d&n ds nhung khong 1am né bi€n dang (khong lam
né thay ddi chiéu dai); sy chuyén vi nay dugc thuc hién biing 1 phép quay toian khdi
va dugc goi la sy dich chuyén nhu mot c6 thé hay sy quay toan khdi va duge goi la
su dich chuyé&n nhu mot c6 thé hay sy quay citng (rigid rotation).

- Sau d6 1a sy bi€n dang, n6i mot cdch khdc: mang ds = ds . Sy bi€n dang cin doc lap
vdi chuyén vi ciing; néi khac di, sy quay cing phai gdy 1 bi€n dang bing khong.

4.2. Tensor bi€n dang:
Quan sdt hinh , PQ 13 4nh cia PQ sau bi€n dang. Toa do cia P va Q:
p'{xv,y',zv} Q'{X'+dx',y'+dy',z'+dz'}
Binh phuong khodng cdch PQ trudc va sau bién dang:
‘%r =ds’ =dx’ +dy’ +dz’ (5.71)

2

=ds?=dx *+dy * +dz "’ (5.72)

‘

PQ

ds® = dx,.dx, = 8 dx,.dx,

ds? = P O dx..dx. (5.73)
Ox, OX, !

Vix,y,z la nhitng ham s6 theo cdc bi€n x, y, z:

X=X (X,y,2); y=y (X,¥,2); z=2 (X, Y, 2). (5.74)
Do dé:
dx =X ax+ gy + X gy (5.75)
OX oy 0z
X

1
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dy'zﬁdx+a—ydy+a—ydz (5.77)
OX oy 0z

47 = %% 4y aZd R (5.78)
ox ay oz

Hiéu cdc khodng cdch binh phuong 12 1 ham ctia bién dang

ds? —ds’ =(dx"? —dx?*)+(dy > —=dy?)+(dz > —-dz?) (5.79)

Véi
2 N\ 2 2
e dz{(@j _1}%(@)(12 (a_]dz 2 8
X z X oy
(5.80)
2.0 X axdr+2- 2. dydy
ox 0z oy 0z
Tuong tu:

dy’—-dy’ va dz’-dz,
N&u &;; 1a ki hiéu kronecker:

5 _ 1 khi i=]
U l0 khi i#j (5.81)
i,j,k=1+3

Pai lugng trong ngoidc 1a 1 tensor hang hai va goi 13 tensor bi€n dang, né cé tinh ddi
xting d6i vdi cdc chi s8 i & j. Ta diing cdc ki hiéu d€ chi c4c thanh phan tensor d6:

Ox, OX,
2-¢;= ka 8X i (5.82)
N&u ki hiéu ti{u,, u,, u,} thi:
X, =u, +x, = %:auk+8ki
0x, OX, (5.83)

U, =X =Xy
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Thay (5.83) vao (5.82):

e, _1 5. ou, 5, ou, N Ou, Ou,
o2 Yok, ox; 0x, OX,
1 (Ou; du, Ou, ou,
€, =— | —+—F4+—+.—k
"2\ ox, ox; Ox; O,

(5.84)

(5.85)

N&u chuyén qua ki hiéu thong thudng ta s& c6 6 thanh phian ddc l1dp clia tensor bi€n

dang:

ou 1
exx =—+t—
ox 2

ov 1

eyy = 5 + E
ow 1
ezz =—_—+—
oz 2

1[(6u

€, =—|| —
2|\ oy

1[(éu

exz = ~
2|\ oz

1[(ov

e, =—|| —

2|\ 0z

Va Tensor bi€n dang:
exx exy

1= Cyx Cy

€ (&

—
2 |

—
TR
N v N—— N——

()]
(=1

ov ou Ov oV
Ox ) { ox Oy Ox
ow j [ ou Ou Ov
R + —_— . — + _
Ox Ox 0z OX
ow ou Ou OV
—_— + —_— — + —_—
oy oy 0z Oy
eXZ

€,,

c

v, ow o
dy Ox Oy
ov Ow Ow )_
Py— + —_ —
ox Ox 0z)|
ov ow ow)
p— + —_ —
0z 0Oy oz

(5.86)

yX

(5.87)

Trén day la cich dién td ding din clia bi€n dang bat chdp cAp cia dd 16n clia chuyén vi.
Viéc str dung n6 din dén viéc phan tich hinh hoc phi tuyén cia k&t ciu, diéu nay lam

bai todn rat phic tap.
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Trong da s& cdc 4p dung thuc tién vao két cAu, mot cdch don gidn hop 1y 1a gid thiét
tuy€n tinh hinh hoc: gradient clia cdc chuyén vi rit bé:

ou,
OX.

1

<< 1

Suy ra binh phuong va tich s6 ctia chiing c6 thé bd qua.

Nhu thé (5.86 ) thanh:

€5 L £, _ v €, Lo, (5.88)
ox Yoy 0z Y20y 0x

e =L lu, oW e =LV, oW, (5.89)
2 0z 0Ox Y20z oy

Pé ndm vitng y nghia hinh hoc ctia cdc dai lugng & , chi can suy ludn trong mot mit
phing (x, y), (hinh 14). Goi AB va AC 1a 2 phan t&¥ dudng clia hinh thai ban diu, vuong
g6c véi nhau, chuyén vi d€n AB va AC trong hinh thdi dd bién dang. Goi u, v 1a
chuyén vi ciia A theo phuong x, y ; vi , v 13 géc quay clia AB so v6i x va AC so véi

trucy. ov
ey y v+5dy |
C
—> u+%dy
dy y B
o b
el
. v T v+@dx
‘v T A * B ox
Y A dx LN
ox
X
*ole— dx —
Hinh 5.14
a—udx
AB - AB ~ ox @ =g (590)
AB dx ox
@
A'C'—AC~ oy _G_V_ (5.91)
AC dy oy '
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vV
voatgy =—% 2% (5.92)

y ou
Aoy, =—20 5.93
Yy =Y, dy By (5.93)
Vo ¥y <<1 (5.94)
, ou
dx =dx(1+—)=dx (5.95)
ox
dy =dy(1+ @) ~ dy (5.96)
oy
Bi€n dang géc vudng:
ML (5.97)
y ay aX y
Tuong ty:
ou oOw
=—+—=2¢ 5.98
’YXZ aZ aX Xz ( )
ov ow
=—+—=2¢ 5.99
T 0z 0oy v (5.99)

Vi y con goi 1a géc trudt nén cdc thanh phan (5.97), (5.98), (5.99) con goi 1a bi€n dang
trugt. COn &y, &y » €, bi€n dang phdp (bi€n dang dai).

Tensor con c6 thé dién td dusi dang:

. 1 1
XX 2 YXy 2 YXZ
1
T. = €y 57 (5.100)
dx g,
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4.3. Quan hé giita ng suat va bi€n dang:

Da&i vé6i vat liéu dong chit va ding hudng, Hooke da tim ra mdi quan hé giita &ng suat
va bié€n dang (con goi 1a dinh luat Hooke):

Ta co:

E: Modulus dan hdi cda vat liéu, [Iyc/ binh phuong chiéu dai). N6 tiy thudc vao vat liéu
va 12 hiing s6 cho mdi vat liéu.

w: hé so poisson, tiy thudc vat liéu, u= 0+ 0,5.

G: modulus trugt, [Ivc/binh phuong chiéu dai)

- B (5.101)
[20+w]
1 Ty
gx :E[Gx _H(Gy +GZ)] ; YXy = Gy
1 T,
g, =E[cy —u(o, +0)] ; v, = S (5.102)
1 Ty
g, ZE[GZ ~wo, +o)] 5 v, = G
4.4. Th& ning bién dang dan hoi:
y Xét mot phan t6 c6 tensor Wng sudt nhu hinh
5.15. Gia su trong khodng thdi gian 8t phin t6 c6
dy O cic bi€n dang: 8¢, 8¢, 8¢, .8y, .8y, .7,,. BO
v, T qua lugng vo ciing bé bic cao ta c6 thé xem cong
— T, ngoai lyc tic dong 1&én phan td nhu téng cong clia
T, o céc thanh phin ng lyc riéng ré trong cdc do doi
: T, o ' tuong ng:
o, | x
. dx dA =o, - 8¢ dxdydz+ o, - 8¢ dxdydz +
Z ¢
A +0,-0¢g,dxdydz + 1, - 0y, ,dxdydz +
V4
Hinh 5.15 +1,,-0y,,dxdydz + 1, -8y, ,dxdydz
(5.103)
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Né&u khong c6 sy ton tha't ning lugng thi cong nay dugc chuyén héa hoan toan thanh thé
ning bi€n dang dan hdi tich liiy trong phan t&:

8(dU) =dA (5.104)
bit

0 (cll_[\j - dX(:l[;dZ ’ 105
Ta c6:

u= ISu = I(GXBSX +0,0¢, +0,0¢, + 1,07, +1,,07,, + Tyzﬁyyz) (5.106)

(do quan hé gifta tng suit va bi€n dang 1a bac nhat): nguyén 1y cong tdc dung.

1
u= E[GXSX +6,6,+0,8, +T,V,, + T,V t+ ryzyyz] (5.107)

u= é[ﬁi +0, +0, —2u(c,0,+0,0, + GyGZ)]"‘ %[Tiy +T, + sz] (5.108)

u=u,,+u, = é[ﬁf +0, +0. -2u(o,0, + 6,0, + 0361)] (5.109)
Véi:
I+pu 3 1+p
um=zgkq—cg%4%—cgﬂwq—cgﬂ=5-E T (5.110)
1-2 (1-2p)3
.= 6E“(Gl+62+63)2 =—2E“ o2 (5.111)
£5. THUYET BEN:

5.1. Thi nghiém kéo va nén vit liéu:

DPé€ tim diéu kién bén cho trang thdi ng sui't don, ngudi ta ti€n hanh thi nghiém kéo (ddi
véi vat liéu déo) va thi nghiém nén (d6i v6i vat liéu don).
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5.1.1. Thi nghiém kéo: ‘ d,

Mau thi nghiém kéo bing thép. fD ———————— B—>p

lo:  chiéu dai phin thi nghiém | : |
dy:  dudng kinh ban diu clia mAu. Hinh 5.16

Trong qud trinh mau chiu kéo, doan 1, c6 mot do gian Al. Dung biit ghi trén mdy ta tim
thd'y tuong quan gitta Al va P nhu dd thi & hinh . Sy 1am viéc clia vat liéu c¢6 3 giai doan:
(hinh 5.17). Po

p D

Py %ﬁé

Pin ‘A

Vit liéu déo

Al, ¢
5
Hinh 5.17

5.1.1.1. Giai doan tuong quan bic nhat (dan hoi): doan 0A.

Trong giai doan nay tuong quan giita P va Al 12 doan thing OA, (bac 1). N&u ta kéo miu
véi luc P < Py thi miu s& c6 mot dd gidn dai tuong ng, sau d6 ta gidm dan Iyc di thi ta
thay bit ghi trén bi€u d6 sé theo dudng A0 vé lai gdc 0. Tic 1a thanh khong con bién
dang lic P = 0. Binh luidt Hooke hoan toan ding trong giai doan nay. Poan nay goi la
giai doan dan hoi ti 1&. Gidi han ti 1& qui u6c:

o, =— (N/cm?) (5.112)

5.1.1.2. Giai doan chdy: doan BC.

Do tdc @6 thi nghiém khong di cham, bit ghi s& vach dudng thing OA 1én qui diém B
i ha xudng va tao nén dudng gy khic trong doan BC. Tuong ng vdi B ta c6 luc P,
va giGi han chdy qui ugc:

o, = (5.113)
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Trong doan nay ta tha'y lyc khong ting nhung bi€n dang ti€p tuc ting. Vat liéu cang déo
thi doan BC cang dai.

5.1.1.3. Giai doan cting c6 (tdi bén): doan CDH
Quan hé gitta P va Al 1a mot dudng cong, luc c6 ting thi bi€n dang mdi ting.
N&u ting lyc d&€n diém K trong doan CD va gidm luc c6 ting thi bi€n dang mdi ting.

N&u ting luc dé€n diém K trong doan CD va gidm luyc tir tir thi bit ghi s& vach 1 dudng
song song véi 0A dén 0. Piéu nay chitng té trén thanh con 1 bi€n dang du khi da bé hét
lyc. N€u lai tang luc thi bit s& vach theo dudng 0 KDH, 0 K xem nhu 1 giai doan ti 1é.
Hién tugng gidi han ti 1& ting goi l1a bi€n cing ngudi. Khi P =Pg, trén miu xuit hién 1
chd thit va thanh bit diu bi phd hdng.

Gi6i han bén qui udc:
o, =—2 (N/cm?) (5.14)
Ba gidi han: ti 1, chdy, bén thé hién tinh chiu lyc ciia vat liéu. Trong ch& tao may, do

yéu ciu céc chi tiét 1am viéc khong c6 bi€n dang du nén ta chi cho phép ng suit thuc
trong chi tiét < c,. PE c6 mdt dd an toan chic chin ta thudng 14y:

Z

o =% _[g] (5.115)
n

N:  hé sO antoan, n>1
[c]: ng sudt cho phép
Trong xay dung va vat liéu don:
[o]=2& D (5.116)

Ps

Vit lieudon

Al
Hinh 5.18

91



5.1.2. Thi nghié m nén:

p
Zf,hij/ Mau thi nghiém 12 hinh try tron. Chiéu cao miu nén
thudng 14y tr (1+1,5) dudng kinh. Quan hé giita P
Vat lieu déo va Al @61 véi vat liéu déo nhu hinh.
Vit liéu ciing ¢6 3 giai doan: t 1€, chdy, cling cd
Hinh 5.19 nhung khong c6 gidi han bén, (khong vd).
p D6i v6i vat liéu don, quan hé giita P va Al 1a 1
Ps[ -7 dudng cong, (hinh 5.20) gidng nhu kéo nhung
P nén>P éo-
Vat ligu don Bnenmt Bk
| 1 Khi P = Py thi miu bi v3.
A
Hinh 5.20

5.2. Cac thuyé&t bén: ( The Yield Criteria).

Vi trang thai &ng suat don, vat liéu bit diu c6 bi€n dang déo khi ng suit trong thanh
dat d&€n gidi han déo G4. V6 trang thdi ¥ng suit phing va khdi ta khong thé xdc dinh
gi6i han @6 1 cdch tdng quét bing thi nghiém vi gidi han d6 phu thudc do 16n cla cic
ing sudt va ti & giita ching. C6 nhiéu gia thuyé&t d€ suy dodn 1 cdch tdng qudt gii han
ma & d6 vat liéu bit diu c6 bi€n dang déo. Hién nay chi con 2 gid thuyét clia Tresca va
von Mises 13 ding cho vat liéu déo (thép) va 1 giad thuyét ctia Mohr 1a didng cho vat liéu
don.

5.2.1. Piéu kién déo ctia Tresca hay thuyé&t bén ng suit ti€p 16n nhat: (the Tresca
criterion).

Goi 6}, 65, 03 12 3 ting suit chinh, véi 6, > 6, > 03 . P& vat liéu 1am viéc trong mién dan
hdi v6i 1 hé s6 an toan n, ta phai c6 dicu kién:

cSch

G,=0,—-0,< =[o] (5.117)

n

[6]=Y: 1tngsuitchdy trong thi nghiém kéo nén

[6]=2k: (ngsuat tiép chdy trong thi nghiém xoin thuin
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— - Trang thdi &ng suit phang c6 6,.05<0:

T, =1
— “o.=0 6, =4(0,~0,)* +47, <[o] (5.118)
Hinh 5.21 - Trang thdi ¢ng suft ddc biét (5, = 0, hinh 5.21):
T
G, =40 +41° <[o] (5.119)
C, 01 o
—k k -Trugt thuan tiy (G, = -o3, hinh 5.22):
c
Hinh 5.22 < % (5.120)

5.2.2. Piéu kién déo ciia von Mises hay thuyé&t bén thé& niing bién déi hinh ding: (the
von Mises criterion).

Trang thdi déo bit didu xu't hién tai 1 di€m khi tng suit ti€p bat dién dat tdi 1 tri s6 gibi
han nao d6 &ng véi vatli€u da cho.

1 2 2 2| %_3.‘50
th—\/g[(cl_cz) +(62—63) +(G3—01) ]—\/ I+ =5 <[oc] (5.121)

Ou = \/612 +0, +0, ~0,0, 0,6, - 6,0, < Can [o] (5.122)
n
- Trang thdi &ng sudt phang c6 c,.053<0:
0 =4/(o, —0,)? +372 <[o] (5.123)

- Trang thi &ng suit phang dic biét (hinh 5.21):
c,=Vo +31° <[o] (5.124)

-Trang thdi trugt thudn tdy:

G, =37 <[o] (5.125)

—>1<— (5.126)
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5.2.3. Thuyé&t bén Mohr:
Dung d6i v6i vat liéu don c6 gigi han bén kéo khac giGi han bén nén.

Oy =0 —@03 <[o]y (5.127)
[o],

Véi:

[G]k [o], : cdc gi6i han nguy hi€m cda phin t& & trang thdi Gng suit don (kéo, nén theo
1 phuong).

5.2.4. Chil §:
Trong Thuyé&t bén von Mises, [c] dudc xédc dinh:
- Biing thi nghiém kéo — nén thuan tdy don:
Vat liéu chdy déo hki ttng suat phap kéo dat dén gia tri Y
6,=Y, 0,=0,=0 =[c]=Y (5.128)
- Biing thi nghiém xodn thuin tdy:
Chdy déo x4y ra khi tng sul't ti€p tdc dung dat gid tri gi6i han k.

Xét phan t& €6 Tpay , theo vOong tron Mohr:

o,=k; 0,=0; o,=-k (5.129)

=0, =[c]=3k (5.130)
2

= 2k=—=Y =1155.Y (5.131)

V3
Vi [6] phdila hiing cho mbi vat liéu.

o3 [J =
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