CHUONG 4
CAC PINH LUAT CG BAN CUA
CO HOC MOI TRUONG LIEN TUC

4.1. Bao toan khoi lwgng. Phuong trinh lién tuc.

Khoi lugng clia modt mdi trudng lién tuc, chi€m thé
tich V clia khong gian & thdi diém ¢:

m:fp(x,t)dV (4.1)
A"
véi p(x,t)1a ham mat do, lién tuc cla toa do.
Dinh luat bdo toan khoi lugng:

gy dtprth f

Tu (4.2), ta suy dugc phuong trinh li€n tuc:

+ p—]dV 0(4.2)

dp  Ov, _dp dp

& TPax T ar T T TAVVI=0 @)
Hay,

dp .. Op

— +(pv. ] =0 hoac + V.(pv)=0 (4.4)
o v, o T Velov) =

Trong chat 10ng khong nén: dp/dt=0 va (4.3) c6
dang:
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v, =0 ,hay divv=0 (4.5)

Trudng van tdc trong moi trudng khong nén:
V=8, 0 hay v=VXs (4.6)

v6i s(x,t) 1a th€ cua vector v.

Phuong trinh lién tuc dang Lagrange:

f p, (X,0)dV, = f p(x,t)dV 4.7)
V \"

0
v6i Vi, V 12 thé tich ma moi trudng chi€m chd vao
thdi di€m to=0, t > 0.

binh thic Jacobien:
OX. an Ox,

~ Sk PX, 09X, OX, ()

J = ‘8){1/8Xj

vel X = Xlil + Xziz -+ X3i3 = ink la vector dinh vi
diém & thdi di€m ban diu trong hé truc giao OX;X,X;
va X =X€ +X,€ +x,€ =x€ lavectordinh vi
di€m & thdi di€m sau trong hé truc giao 0x;X,Xs.
Phuong trinh mo t3 chuyén dong diém:

x. = x (X, X, X,,t) = x. (X,t),hay x = x(X,t) (b)
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X1,Xq

Hinh 4.1.

dV = JdV, (¢)
Do do,

[ 2, (X0)dV, = [p(x(X.0),00dV, = [ p(X.)dV, (4.8)

Bi€u thiic (4.8) ding cho moi thé tich V,, nén:

d

a(pJ) — 0 (4.9)

p, = pJ hay

4.2. Dinh 1y bié€n thién dong lwgng. Phucong trinh
chuyén dong. Phuong trinh cin biing.

Luc khdi b; tic dong 1én thé tich dV, tfﬁ) ing suat tdc
dong 1én dién tich dS, trudng vén téc v. = dui/dt.
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Hinh 4.2. Thé tich chuyén dong.

Pong lugng cia hé:

P (1) = f pv,dV (4.10)

\Y%

N€&u ndi lyc tdc dong tudn theo dinh ludt ba Newton,
thi dinh ly bi€n thién ddng lugng:

[ (VdS + [ pbdV = % [ pv.dV

N d
hay ft( >dS-|-f,0de = afdeV 4.11)
S v v
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Thay t< ) — = o,n, vao (4.11) va thay tich phan mit
bing tich phan thé tich, ta co:

f(a +pb)dv_—fpvdv
hay f 2o +pb)dV = —fdeV (4.12)

Su‘ dung phu’dng trinh li€n tuc, ta co:
fpvdv_—fpv.JdV -

= dv, V (4.13
=/ [ dt ] f pdV (4.13)
Thay (4.13) vao (4.13), ta dugc:

f(am + pb. — pv. )dV =0

hay f (V.3 4pb—pv)dV =0 (4.14)

Do V bat ky, nén phuong trinh chuyén dong cé dang:
0., +pb =pv, hay V..2.+pb=pv (4.15)

Doi v6i trudng hop khong ¢6 gia tdc, phudng trinh cin
bing (dudc st dung rong rai trong c¢d hoc vat rin):

o,;+pb =0 hay V..2.+pb=0 (4.16)
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4.3. Dinh Iy bién thién moment dong lugng.

Moment dong lugng hé doi vdi gdc toa do:

N = [exmdV hy N=[[xxpjdV (4.17)
v v

Dinh 1y bi€n thién moment ddng lugng hé:

; d
() _
fsijkxjtk dS —l—fsijkxj pb dV = p fsijkxj pv, dV
S v

v
hay f (X x t
S

Thay tf) =00, vao (4.18) va xem tensor &ng suat

12 @61 xdng, thi phuong trinh sé& dong nhat khi chi tinh
dén bi€u thic (4.15):

dt)

ds +f(x x pb)dv zﬂf(x x pv)dv (4.18)
\Y

[eu0,0V=0nay [Sdv=0 (4.19)
\'% V
Do Vtuyy,nén: g 0, =0hay 2., =0 (4.20)

Tu day thay ro: 0y =0,

4.4. Bdo toan niang lugng. Dinh luat thi nhit nhiét
dong lu'c hoc. Phudng trinh nang lugng.

N€&u chi nghién cttu cic dai lugng cd hoc, thi dinh luat
bdo toan co ning cho thé tich moi trudng lién tuc c6
thé nhan dudc tir (4.15). Nhan vd huéng (4.15) vGi
vector van toc v;:

f pvvdV = f Vo, dV+ f pvb.dV (4.21)
\% \%
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Tich phan,

: d V.V, d ¢ pv; dK
vav="1[p iYigy =S [Aigy =2 (422
ipV. . dtip ; | (4.22)

12 van tdc bi€n thién dong ning K theo thdi gian ¢.
Chi y ring:

ov, 1| ov, oV, 1| ov, OV,
Vii=—-=— + + — — :Dij+\/ij
’ 6x_ 2 8x_ OX. 2 6xj OX.

VIO-jI j (VIGJI) \/Ijo-jl

Tensor van tdoc bi€n dang (ddi xing):

OV,
D,=D, = Ll ov | hay D = l(VVX +V,V)
Lo 2loex o 2

Tensor xody phan doi xing:

. 0V,
Vi=-V; -1 VY, hayV:l(VVX _va)
2 axj OX. 2

Néu trugng van tdc khong quay (xody): Vo, =0, thi:
ID” o dV = j O dV + [ pvibdv (4.23)
Vv
Bién d6i tich phan (dinh 1y Gauss), ta c6:

j Do ;dV = j v,tds + j pv;bdV (4.24)
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Phuong trinh (4.24) thi€t 14p moi quan hé gitta van tdc
bién thién co ning toan phan clia mdi trudng lién tuc,
v€ trdi, v4i cong sudt cia cdc luc mit va khoi, v€ phdi
phuong trinh.

D061 véi moi trudng lién tuc cd nhiét, gitta van tdc
bi€n thi€én ndi ning:

L puav = [ pudv (4.25)
dt dty, Y
v6i u 12 ndi ning riéng (trong don vi thé tich). Goi ¢;
vector ¢; dac trung cho dong nhiét qua mdt don vi di€n
tich trong mot don vi thdi gian do tinh din nhiét va z
12 hing s6 bitc xa nhiét trén modt don vi khoi lugng
trong mot don vi thdi gian. Van tdc dong nhiét di vao
moi trudng:

oQ

—~=—|¢c.ndS+ | pzdV

m £ n, i p (4.26)
Bién thién ning lugng cua modi trudng lién tuc cd
nhiét:

dK dUu oW 6Q

+ = +
dt dt dt dt

(4.27)

vGi SW/dt 12 cong suit clia ngoai lyc. Dang chi tiét
cua (4.27):
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dr vy, C Ny
aIpTdV+£pu0|V_

\Y

= [vit™ds+ [ pvibdV + [ pzdV - [cindS  (4.28)
S \V/ V S

Thay tich phan mit bing tich phan khoi (Gauss), dang
cuc bd ctia phuong trinh ning lugng:

2
EV_"'d_u: 1 (Gijvi)-+bivi_icii+z (4.29)
dt2 dt p 2 o
Nhan vd huéng (4.15) véi vector van toc:

PV = Vo 0+ pvb,
Thay dang thdc trén vao (4.29) ta c6 dang rit gon cla
phuong trinh nang lugng cuc bd:

1

d_u:laijDij__Cii +Z (4.30)

da  p p
Phuong trinh (4.30) bi€u thi van toc bién thién nodi
ning bing tdng cong suit clia tng suit cdng vSi dong
nhi€t vao mo1 trudng.

4.5. Phuong trinh trang thdi. Entropy. Dinh luit
thd hai nhiét dong luy'c hoc.

Cho trang thai nhiét ddng hoc clia m6i trudng lién tuc,
nghia 1a hoan toan bao quat ca hé. Trong trudnh hgp
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tdng quat cich mo td ndy xdc dinh bing mot sd dai
lugng nhi€t dong hoc va ddng hoc, dugc goi 1a cac
tham s6 trang thdi. Ching ¢6 quan hé v4i nhau bing
cac phuong trinh trang thdi. DPinh luat th nhat nhiét
dong Iuc hoc cho biét sy bi€n ddi tuong ¥ng cd ning
va nhi€t ndng tor dang nay sang dang khic, nhung
chua 0 qua trinh nay 1a thuin nghich hay khong
thuan nghich.

DPinh luit thd hai nhiét dong luc hoc gia dinh c6 hai
ham trang thdi khdc nhau: nhiét do tuyét d6i T va
entropy (entropy ri€ng) s. Trong c¢d hoc mdi trudng
li€n tuc, mat do entropy s dudc dinh nghia sao cho
entropy toan phan S:

S:jpsdv
\Y

Entropy ctia hé c6 thé thay ddi hoic do tuong tic véi
mdi trudng xung quanh, hoic do bi€n d6i x3y ra bén
trong hé:

ds = ds® + ds' (4.31)
v6i ds, ds', ds™ 14n lugt 1a gia sd clia entropy riéng
do tudng tic tdng, véi mdi trudng ngoai, bi€n ddi bén
trong.
ds!)y0 trong cdc qud trinh khong thuan nghich, (4.32)
ds!) =0 trong cdc qud trinh thuin nghich, (4.33)
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N€u trong qud trinh thuidn nghich ky hiéu dong nhiét
trén mot don vi khoi lugng cia hé 1a dq), thi:
ds'“= dqy/ T trong cdc qué trinh thuin nghich, (4.34)

4.6. Bat phuong trinh Claudius. Him hao t4n.

Theo dinh luat thi hai nhiét dong luc hoc, van tdc
bién thién entropy toan phan S clia mdi trudng lién
tuc khong nhd hon tdng dong entropy qua bién clia
thé tich nay va entropy do cdc ngudn bén ngoai sinh
ra trong thé tich. Bat phuong trinh Claudius:

% i psdV > i pedV — i %ds (4.35)

v6i e 12 cong sudt clia cdc ngudn entropy cuc bd ngoai
trén mot don vi khoi luong. Pang thidc trong (4.35)
x4y ra d6i v6i cdc qud trinh thuin nghich, bit ding
thitc xay ra d6i vGi cac qud trinh khong thuin nghich.

Thay tich phAn mit trong (4.35) bing tich phan khoi,
ta c6 dang cuc bd cho van tdc ndi sinh entropy vy, trén
mot don vi khoi ludng:

C.

za—e—;(?'l >0 (4.36)

Trong cd hoc moi trudng lién tuc, tensor ng suit cé
thé phan ra hai thanh phan:
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o. =59+ 5.0 (4.37)
. (0’
vél oy ', Oy

Thay tensor gia sd bi€n dang: dg;;= D;dt vao (4.30), ta

12 tensor &ng suat bdo toan, hao tdn.

s€ cO phuong trinh ndng lugng:

du =lai(jc)éij +la( &; +d—q (4.38)
dt p e, dt
trong (4.38) —oj; )éu 12 van toc hao tdn ning lugng

trén mot don (ﬁ khoi luong do ng suit gy ra, dq/dt
l1a van toc ctia dong nhiét vao mdi trudng trén mot
don vi khdi lugng. NEu trong mdi trudng x4y ra qud
trinh thuan nghich thi s€ khong c6 hao tin ndang lugng;
ngoaira dq/dt = dg s /dt , k€t hop (4.38) vdi (4.34):

!
L (4.39)

dt p dt
Do6i v6i qud trinh khong thuin nghich, dugc md t4
bing (4.38), van toc sinh entropy cé thé tim tir phuong
trinh (4.39). Nhu vay:

dt Tdt pr v (4.40)

Pai lugng o{”)¢; goi la ham hao tdn. D&i véi cdc qud
trinh doan nhi€t khong thuian nghich (dq = 0), theo
dinh luat nhiét ddng hai ds/dt > 0. Tu do tuw (4.40) suy
ra ham hao tdnc!”4; 12 x4c dinh duong.
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4.7. Cac phuong trinh xac dinh. Cac phuong trinh
lién tuc co nhiét va co hoc.

Ddi véi moi trudng cd nhiét, cdc phuong trinh cd ban:
» Phuong trinh li€n tuc (4.4):
op op

E+(pvk),k:0 hay E+V.(pv):0 (4.41)

» Phuong trinh chuyén dong (4.15):
ot o0 =pv; hay V,.2+pb=pV (4.42)

» Phuong trinh nang lugng(4.30):

d_u:lo-..D.._ic.. +7 (4 43)
d p "' p " '
Khi c4c Iyc khdi b; va cdc ngudn nhiét phan bd 13 cho
trudc, cdc phuong trinh (4.41), (4.42), (4.43) lap
thanh hé 5 phuong trinh doc ldp, chita 14 ham én
ctia toa do va thoi gian. Cc An s6: mat dd p, ba thanh
phan van téc v; (hodc cdc thinh phian chuyén vi ),
sdu thanh phan ng sudt doc 1ap o3, ba thanh phan
vector dong nhiét ¢; va mat dd ndi ning u. BO sung
vao d6 can thyc hién bAt phuong trinh Claudius

(4.36):

E_e_i(&j >0
dt p\ T/,
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bi€u hién duong tinh clia su sinh entropy. BAt phuong
trinh ndy con thém vao hai 4n s6: mat dd entropy s va
nhiét do tuyét doi T. Nghia 1a dé gidi dugc hé, can
tim thém 11 phuong trinh nita. Sdu trong s6 d6 1a céc
phudng trinh xdc dinh, dic trung cho cdc tinh chat vat
1y riéng bi€t cia moi trudng nghi€n ciru. Ba phuong
trinh cda quy luat truyén nhiét va hai 1a cdc phuong
trinh trang thai nhi€t dong hoc.

Chitc ning ctia 1a cdc phuong trinh xdc dinh 1a thi€t
1ap cdc bi€u thic todn hoc gifta cdc tham sd tinh, dong
hoc va nhiét dong hoc, m6 ta ng xu cua vat li€u khi
c6 cdc tic dong cd-nhiét. Trong nhiéu trudng hop c6
thé bd qua tuong tdc cla cdc qud trinh co hoc va nhiét
dong hoc, thi du nhu 1y thuyé&t nhiét dan hdi khong
k&t hop. Trong trudng hop nay cdc qud trinh cd hoc
thuan tdy md td bing cdc phuong trinh (4.41) va
(4.42). H¢ nay gom 4 phuong trinh véi 10 @n s6. Do
d6, can thém 6 phuong trinh xdc dinh nita. Theo ly
thuyét khong k&t hop, cdc phuong trinh xdc dinh chi
chita cdc tham s6 ddng Iuc hoc (ng suat) va ddng hoc
(van toc, chuyén vi, bi€n dang) va thudng 13 cic biéu
thic gitta ¢ng suit va bi€n dang. Trudng nhiét do
thudng dudc xem 1a da bi€t, hoidc 1a co thé bai toan
truyén nhiét gidi riéng, doc 1ap vdi bai todn cd. Trong
cdc qud trinh ding nhiét, nhiét dd gid thi€t 1a khong
ddi va bai todn 12 cd hoc thuin tdy.
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